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ABSTRACT

This dissertation investigates two types of subgroups in the mapping class group of an
orientable surface. The first type of subgroups are isomorphic images of Artin groups. The
second type of subgroups is one which is generated by three Dehn twists along simple closed

curves with small geometric intersections.

Let S be a compact orientable surface. The mapping class group, Mod(S), of S is the
group of isotopy classes of orientation preserving homeomorphisms of S fixing the boundary
pointwise. Mod(S) is a very rich and complex object. In this dissertation, we make progress

toward understanding the structure of the above mentioned subgroups of Mod(S).

We tackle three problems. The first problem focuses on finding embeddings of Artin
groups into Mod(S). The second problem involves finding Artin relations of every length in
Mod(S). And the third problem deals with understanding subgroups of Mod(S) generated

by three Dehn twists along curves with small geometric intersections.

While it is easy to find nontrivial homomorphisms of Artin groups into Mod(S), the
question of whether such homomorphisms are injective is quite hard. In this dissertation, we
find embeddings of the Artin groups A(B,), A(Hs), A(I3(n)), and most notably A(A,_1)
into Mod(S). Further, we prove that if a collection {a1,--- ,a,} of simple closed curves in
S has curve graph (see definition 4.1.2) A,_1 and N, is a closed regular neighborhood of
UP" ;ai, then the subgroup of Mod(N) generated by the (left) Dehn twists 7; along a; is

isomorphic to A(A,_1) almost all the time.

In the second problem, we study Artin relations in the mapping class group. If [ > 2

is an integer, then a and b satisfy the Artin relation of length [ if aba--- = bab--- , where

xii



each side of the equality has [ terms. We give explicit elements of Mod(S) satisfying Artin
relations of every integer length [ > 2. By direct computations, we find elements z and y
in Mod(S) satisfying Artin relations of every even length > 8 and every odd length > 3.
Then using the theory of Artin groups, we give two methods for finding Artin relations in
Mod(S). The first yields Artin relations of every length > 3, while the second provides
Artin relations of every even length > 6. In the last two cases, we also show that x and y
generate the Artin group A(I3(1)), where [ is the length of the Artin relation satisfied by =

and y.

The third problem is concerned with understanding subgroups in Mod(S) generated by
three Dehn twists along curves with small geometric intersections. Let ai, as, and ag be
distinct isotopy classes of essential simple closed curves in an orientable surface S. Assume
that i(aj,ar) € {0,1,2} for all j, k. Denote by T; the (left) Dehn twist along a;, and let
G represent the subgroup of Mod(S) generated by 11, To, and T3. Set (x12,x13,T23) =
(i(a1,a2),i(a1,as3),i(az,as)). We find explicit presentations for G when (x12,x13,x23) =
(0,0,0), (1,0,0), (2,0,0), (1,0,1), and (1,1,1). For the triple (2,1,0), there are two cases
to consider (see subsections 7.8.1 and 7.8.2). In both cases, we are not able to find an explicit
presentation for G. Nevertheless, we prove that G is a subgroup of some Artin group .A.
Moreover, using the computer algebra software Magma, we show that G is finitely presented
and is isomorphic to a subgroup of infinite index in .A. Although we have obtained similar
partial results for the triples (2,2,0), (2,1,0), (2,1,1), (2,2,0), and (2,2,2), we do not

include them in this dissertation.

While the three problems discussed above are seemingly disconnected, they are in fact
intimately related. They reflect a beautiful interplay between Artin groups and mapping

class groups.

xiil



CHAPTER 1

MAPPING CLASS GROUPS

1.1 Definition

Throughout this dissertation, we assume that S = S, is a connected, compact, ori-
entable surface with genus 0 < g < oo and 0 < b < oo boundary components. On rare
occasions, we will also assume that the surface has p punctures or marked points in its
interior. In these cases, S = Sy ,. Unless explicitly stated, all surfaces will be assumed

without punctures.

Denote by Homeo™ (S) the group of orientation preserving homeomorphisms of S which
are the identity on the boundary 8S. Let Homeoy(S) be the subgroup of Homeo™(S)
consisting of all homeomorphisms which are isotopic to the identity, relative to 0S. Clearly,

Homeoy(S) is a normal subgroup of Homeo™ (S).

Definition 1.1.1. The mapping class group of S, denoted by Mod(S), is defined to
be the group of isotopy classes of orientation preserving homeomorphisms of S which fix
the boundary pointwise. In other words, Mod(S) is the group of orientation preserving
homeomorphisms of S which are the identity on 0S modulo homeomorphisms which are
isotopic to the identity by an isotopy which fires 0S pointwise. If S has punctures, then
we also stipulate that the homeomorphisms preserve the puncture set, and are taken modulo

1sotopies leaving the puncture set invariant.

Mod(S) = Homeo™ (S)/Homeog(S)



It should be noted that the mapping class group of S has other equivalent definitions.
For example, one may define Mod(S) to be the group of isotopy classes of orientation
preserving diffeomorphisms of S which fix the boundary pointwise. Alternatively, one may
replace isotopies with homotopies in the definitions above. For more information about
this, see theorems 1.9 and 1.10 in [10]. In this dissertation, we will stick to definition 1.1.1

for Mod(S) once and for all.

1.2 Simple closed curves and intersection numbers

Let a be a simple closed curve in an orientable surface S. a is said to be essential if it
is not nullhomotopic. That is, a cannot be isotoped to a point. Moreover, a is said to be

peripheral if it is isotopic to a connected component of 95.

Let a and @ be simple closed curves in S, and denote their isotopy classes by a and
b respectively. The geometric intersection number of a and b, denoted by i(a,b), is
defined to be the minimal number of intersection points between the representatives of a
and b. That is,

i(a,b) = min|a’ N 3]
where a ~ o (ie « is isotopic to /) and  ~ .

Definition 1.2.1. A collection C = {ai,--- ,an} of pairwise nonisotopic simple closed
curves in S 1s said to intersect efficiently if no two elements in C cobound a bigon and no
three elements have a common point of intersection. That is, i(aj,ar) = |aj N ag| for all

J.k and ajNapNa; =0 for distinct j,k, 1.

Let S be an oriented surface. If we orient the curves a and 3, another type of intersection
can be defined. The algebraic intersection number of o and (3, denoted by %(a, B), is
defined to be the sum of indices of the intersection points a N B, where an intersection
point has index 41 if the orientation of « followed by the orientation of 3 agrees with the

orientation of S, and —1 otherwise.



1.3 Dehn twists and their properties

Consider the annulus A in R? parametrized by {(r,0) : 1 < r < 2}. Define the map
T:A— Aby
T(r,0) = (r,0 + 27r)

Clearly, T' is a homeomorphism. As a matter of fact, T is a diffeomorphism. Since its
Jacobian J(r,0) equals 1, T is orientation preserving. Moreover, it is easy to see that T
fixes the boundary 0A pointwise. See figure 1.1 for the effect of T on a properly embedded

arc.

Figure 1.1: The effect of T: A — A on the arc a.

Definition 1.3.1. Let « be a simple closed curve in an orientable surface S. Let N be
a regular neighborhood of . If e : A — S is an orientation preserving embedding with
e(A) = N (there are two such embeddings up to isotopy firing the boundary ON ), then the
Dehn twist along o is given by the self homeomorphism T, of S defined as follows:

1 on S \N,
To =

eTe ! on N.

It is not hard to check that definition 1.3.1 is independent of the choice of embedding.
Also, it should be noted that, in the definition, the homeomorphism 7, depends on the

choices of a and N, whereas the isotopy class of T, is independent of those choices. The



Figure 1.2: The effect of the (left) Dehn twist T;, on the simple closed curve b.

isotopy class of T, depends only on the isotopy class of a.

We remark that one could define 7': A — A by T'(r,0) = (r,60 — 2xr). This definition
gives rise to a right Dehn twist, as opposed to the left Dehn twist when T'(r, 0) = (r, 0+277).
Intuitively, the effect of a left Dehn twist can be interpreted as follows. If an arc or
curve 3 intersects a simple closed curve « transversally, then the Dehn twist T, affects 3
by causing it to turn left (with respect to the orientation of the surface) as it approaches

a, turn once around «, then follow 3 as before.

Notation. Let a be a simple closed curve in S. Throughout this dissertation, we shall
abuse notation and refer to the isotopy class [a] simply by a. If ¢ = [«], we will also abuse

notation and denote the mapping class T, by Ty.

Fact 1.3.2. Suppose that a and b are isotopy classes of simple closed curves in S. Then

Ta:Tb@a:b.

Fact 1.3.3. Let f € Mod(S) and let a be an isotopy class of simple closed curves in S.
Then fTof~ = Ty

Fact 1.3.4. Suppose k € Z. If a, b, and ¢ are distinct isotopy classes of simple closed
curves in S, then

i(T*(b), ¢) — |kli(a, b)i(a, )| < i(b,c)

Fact 1.3.5. If k € Z and a and b are isotopy classes of simple closed curves in S, then

i(T¥(b),b) = |kli(a,b)?



Proof. Fact 1.3.5 follows immediately from fact 1.3.4 by setting b = c. O

Fact 1.3.6. If T, is a Dehn twist in Mod(S), then T, has infinite order.

Proof. The proof follows from fact 1.3.5 and lemma 7.3.2. Alternatively, fact 1.3.6 is an

easy consequence of theorem 7.3.3. O

Proposition 1.3.7. Suppose that a and b are isotopy classes of simple closed curves in
S. Then T,T, = TyT, < i(a,b) = 0. The left hand side of this equivalence is called the

commutativity or disjointness relation.

Proof. If T, Ty, = TyT,, then T,TyT,* = T,. By fact 1.3.3, this is equivalent to T7, ) = Tb.
By fact 1.3.2, T, (b) = b. But this means that i(7,(b), b) = 0. Moreover, i(T,(b),b) = i(a, b)?

by fact 1.3.5. Hence i(a,b)? = 0 and consequently i(a,b) = 0.

Conversely, if i(a,b) = 0, then the support of T, may be chosen to be disjoint from b so
that T,(b) = b. Thus,
T.Ty = TuTyT, ' Ta = T, ) Ta = Ty Ta

where the second equality is due to fact 1.3.3. O

Proposition 1.3.8. Suppose that a and b are distinct isotopy classes of simple closed curves
in S. Then T,TyT, = TyT,Ty < i(a,b) = 1. The left hand side of this equivalence is called

the braid relation.

1
Proof. The relation T,TyT, @ TyT, Ty implies TaTbTaTb_lTa’ L' = T,. By fact 1.3.3, this

is equivalent to T, 7y q) = Tp- By fact 1.3.2, T, Ty(a) = b, and so i(a,b) = i(a, T,Ty(a)).
Applying T to a and T,Ty(a), we see that i(a, T,Ty(a)) = i(a,Ty(a)) = i(a,b)? where
the last equality is due to fact 1.3.5. Hence, i(a,b)? = i(a,b) and so i(a,b) = 0 or 1. If
i(a,b) = 0, proposition 1.3.7 implies that 7,7} ® TyT,. But (1) and (2) imply T, = Tj. By

fact 1.3.2, a = b, which contradicts the assumption that ¢ and b are distinct. Therefore,

i(a,b) = 1.



Conversely, i(a,b) = 1 implies that T, T;(a) = b. One can verify this by drawing pictures.
Hence,

T, 1T, = T, Ty T, ' T, To Ty = Trygy o) Ta Ty = TyToTs
]

Proposition 1.3.9. Let a and b represent isotopy classes of essential simple closed curves
in S, and denote by T, and T, their respective Dehn twists in Mod(S). If T} = Tf for some

p,q €Z and p # 0, then a =b.

Proof. Assume that a # b. If i(a,b) > 0, then

0= Z(b7 b) = Z(qu(b)7 b) = i(Tp(b)7 b) = |p|i(a, b)2

a

where the last equality is due to fact 1.3.5. This gives p = 0, which is a contradiction. So
i(a,b) = 0.

If i(a,b) = 0 and a is non-peripheral, then lemma 7.3.2 furnishes an isotopy class ¢ such

that i(a,c) > 0 and i(b,c) = 0. Then

0=1i(c,c) =i(T{(c),c) = i(T?(c), c) = |pli(a,c)?

a

implies that p = 0, which is a contradiction.

Finally, suppose that i(a,b) = 0 and a is peripheral. Let S be the closed surface
obtained from S by attaching an S7; to each connected component of S. The natural
homomorphism i, : Mod(S) — Mod(S) which extends by the identity on S\S is well-
defined. As such, 77 = T} in M od(S’). Moreover, a and b are still essential in S, and
lemma 7.3.1 implies that a # b in S, By lemma 7.3.2, there exists an isotopy class ¢ in S
such that i(a,c) > 0 and i(b,c) = 0. As shown above, this implies that p = 0, which is a

contradiction. So a = b in 5. By lemma 7.3.1, a=bin S. O

Corollary 1.3.10. If a # b and T =T, for some p,q € Z, then p = ¢ = 0.



Proof. Proposition 1.3.9 implies p = 0, and so 1 = Tf. Now, fact 1.3.6 implies ¢ = 0. O

Theorem 1.3.11 (Ishida.). Ifi(a,b) > 2, then there is no relation between Ty, and Ty. That

is, Ty and Ty, generate a free group of rank two.

Lemma 1.3.12. If i(a,b) > 2, then i(a,c) > i(b,c) = i(a,T)(c)) < i(b,T)(c)) for all
n € Z\ {0}.

Proof. By fact 1.3.4, it follows that

i(b,T)'(c)) > |nli(a,b)i(a,c)—1i(b,c)
> 2i(a,c) —i(a,c)
= i(a,c)

= i(a, T)(c))

rTa

Proof of Theorem 1.8.11. If w € (T, Tp), then w = T,"* T - - - T,"* T, where mj, n;

€ Z. Assume w = T,"* T .. T;"*T" =1, and note that
LI TR ™ =1, then T, M TR T T = 1.
2. If TR TP T2 T = 1, then Ty R Ie T ™ o T2 = 1.
3. I TR ™ T T = 1, then Ty * M T - T T =

Hence, up to conjugation, we can assume that all the m; and all the n; are nonzero in w.

Since i(a,a) < i(b,a), i(a, T (a)) < i(b, T2 (a)). By repeated applications of lemma 1.3.12,



we have:

i(a, T, T3 (a)) > i(b, T T (a))

i, T,2T " T (@) > ia, T,2T,) " Ty (a))

i(a, LT - T TR () > (b, T T - T T (a)

The last inequality implies i(a, a) > i(b,a), which is a contradiction. O

We remark that an alternative proof of theorem 1.3.11 can be found in [11].

1.4 Alexander’s trick and Dehn twist relations

Alexander’s trick states that the mapping class group of the closed disk is trivial. It is a
very useful tool which is used in verifying Dehn twist relations in Mod(S) (See, for example,
the lantern and chain relations below). Alexander’s trick is also used to derive the so
called Alexander’s method which determines whether two elements f and g in Homeo™ (S)
represent the same mapping class in Mod(.S). This is done by studying the actions of f and
g on a system of simple closed curves and simple (properly embedded) arcs that cut S into
a disjoint union of open disks, and then applying Alexander’s trick. For more information

about the proofs, see [10].

Theorem 1.4.1 (Alexander’s Trick.). The mapping class group of the closed disk is trivial.

Theorem 1.4.2 (Alexander’s Method.). Suppose S is a compact orientable surface. Let
{a1, -+ ,an} be a collection of essential, pairwise nonisotopic, oriented simple closed curves

and proper arcs in S such that:
® ay, - ,ap fill the surface S. ie. S cut along Ua; is a disjoint union of open disks.

e a; and a; are in minimal position for all i # j. ie. they do not cobound a bigon.



Figure 1.3: According to the lantern relation, 7,7, T, ® Ty, Ty, Ty, Tp, in Mod(Sp.4). Soa

is homeomorphic to Dy 3, the closed disk with three boundaries. The middle picture shows

z, Yy, 2, and b;, 1 = 1,2,3,4 in Dy 3. Since the arcs ci, ¢, and c3 cut Dy 3 into a disk,
it suffices (by Alexander’s trick) to show that (x) holds on these arcs in order to prove
theorem 1.4.3.

o No three members of the collection intersect pairwise. ie. at least one of a;Naj, a; Nay,

and aj N ay is empty when i, j, and k are distinct.

Let ¢ : S — S be an orientation preserving homeomorphism which fixes 0S pointwise.
Suppose o is a permutation of {1,--- ,n} such that ¢(a;) is isotopic to a, ;) relative to 95
for each i. Then ¢(Ua;) is isotopic to Ua; relative to 0S. Call this isotopy F.If we think
of Ua; as a graph T" in S whose vertices are intersection points and arc endpoints, then the
composition F o ¢ gives an automorphism ¢y of I'. If ¢x fixes each vertex and edge of T,
with orientations, then ¢ is isotopic to the identity. Otherwise, ¢ is isotopic to a nontrivial

finite order homeomorphism.

Theorem 1.4.3 (The Lantern Relation). Suppose that S = Sy 4, the sphere with four bound-
ary components, and consider the configuration of simple closed curves shown in Figure 1.3.

Then, the following relation holds in Mod(S):

T, T,T, =Ty Ty, Ty, Tp,

It should be noted that this relation is written using functional notation (ie elements on the

right are applied first), and the left Dehn twist convention is used.



Figure 1.4: The curves as, - ,a, form an n-chain.

Sketch of Proof. Since cutting S along the arcs cj, ¢z, and c3 reduces it to a disk (see
figure 1.3), it suffices, by Alexander’s trick, to show that the relation holds on ¢;,i = 1,2, 3.

This can be checked by drawing pictures. O

Definition 1.4.4. A collection {ai1,--- ,a;} of pairwise non-isotopic simple closed curves
in S forms a chain of length | (I-chain for short) if i(aj,aj41) =1 for j=1,---,1—1 and

i(aj,ar) =0 for|j — k| > 2.

Theorem 1.4.5 (The Chain Relation.). Suppose that a collection {a1,--- ,a;} of simple

closed curves forms an l-chain in an orientable surface S.

o Ifl is even, then the boundary of a closed regular neighborhood Nc(a;U---Ua;) consists

of one simple closed curve d, and (1 Ty ---T})?*2 = T,.

e Ifl is odd, then the boundary of a closed reqular neighborhood N¢(ay U ---Uap) consists

of two simple closed curves ci and cz, and (T1Ty ---T))" = T, Te,.

Sketch of Proof. Let N, be a closed regular neighborhood of Uﬁzlai. The inclusion 7 : N, —
S induces a homomorphism i, : Mod(N.) — Mod(S) defined by extending by the identity
on the compliment (see section 1.5). It follows from the definition of a Dehn a twist and
the fact that i, is a homomorphism that any relation between the T; in Mod(N,) must hold
between the T; in Mod(S). In particular, it suffices to prove the chain relation in Mod(N,).
To do that, choose a system of arcs and curves that cut N, into disjoint open disks, then
show that the relation holds on this chosen system. By Alexander’s method, the theorem

follows. O

10



1.5 Geometric subgroups of Mod(S)

Suppose S = Sy, is a connected orientable surface with genus 0 < g < 00, 0 < b < 00
boundary components, and 0 < p < oo punctures. Let P = {z1,---,zp} be a set of
punctures or marked points in S. Let F' be a subsurface of S. That is, F' is a closed
subset of S such that JF is contained in the interior of S, and OF is disjoint from the
set of punctures. A subsurface F' C S is said to be essential if no component of S\iF is
a disk disjoint from P. In other words, F' does not split off a disk. The inclusion map

i:(F,FnP)— (S,P) induces a natural homomorphism

isx : Mod((F,FNP)— Mod(S,P)
[h] = i.([h])

defined by extending by the identity on the compliment. That is, if [h] is the mapping
class of the homeomorphism & : (F, F' N P) — (F, F N P), then i,([h]) is the mapping class
represented by extending h to S, by the identity of S\F. Im(i,) is called a geometric
subgroup of Mod(S).

Definition 1.5.1. Let (F, FNP) be a subsurface of (S, P). A component N of S\F is said
to be a cylinder exterior to F' if N is disjoint from P and both components of ON are also

components of OF (see figure 1.5).

Theorem 1.5.2 (Rolfsen-Paris). Suppose that F' C S is an essential subsurface, and con-

stder the natural homomorphism
isx : Mod((F,FNP)— Mod(S,P)

o If (F,FNP)isa disk with |FF N P| <1, then i, is injective by theorem 1.4.1.

e If (F,F N P)is an annulus disjoint from P and (F,F N P) splits off a disk with one
puncture, then ker(iy) = Mod(F, FNP). Otherwise, i is injective. (Note that (F, FNP)

cannot split off a disk because it is essential in (S, P)).

11



Figure 1.5: N is a cylinder exterior to F.

o [f (F,F N P) is not as in the above two cases, let ay,--- ,a, denote the boundary com-
ponents of (F,F N P) which split off once punctured disks, and let bj,b;,j =1,---,s
be the boundary component pairs which cobound exterior cylinders Aj. Then ker(ix) is

generated by {Tp,,- - ,TaT,TblTbTI, e ,TbSTbTI}, and is isomorphic to 7.
1 s

Corollary 1.5.3. Let F' C S be any subsurface and consider the natural homomorphism

in : Mod((F,F N P) — Mod(S, P)

e [f (F,FNP)isa disk with one or no punctures, then i, is injective.

o [f (F,FNP)isan annulus disjoint from P, then i, is injective iff no component of S\F

1 a disk with less than two punctures.

e [f (F,F N P) is neither of the subsurfaces above, then i, is injective iff no component of

S\F' is a cylinder exterior to F' or a disk with less than two punctures.

12



1.6 The center of Mod(S)

In this section, we state a theorem about the center of the mapping class group of an
orientable surface. For more information, we refer the reader to [23] and [10]. Recall that

the center of a group G is the subgroup given by Z(G) = {x € G | gx = zgV g € G}.

Theorem 1.6.1. Let S = Sy, be an orientable surface of genus g with b boundary com-

ponents and p punctures.

8) If S = S1,0,0, then Mod(S) = SLy(Z). Hence, ZMod(S) = Z/27.

1) If S = So0, with p = 0,1, then ZMod(S) = Mod(S) = {1}.
2) If S = So0.2, then ZMod(S) = Mod(S) = Z/2Z.
3) If S = Soo.3, then Mod(S) = X5. Hence, ZMod(S) = {1}.
4) If S = So1,p with p= 0,1, then ZMod(S) = Mod(S) = {1}.
5) If S = So.1.2, then ZMod(S) = Mod(S) = Z.
6) If S = So.2.0, then ZMod(S) = Mod(S) = Z.

) ) =77,

)

)

(
(
(
(
( (

( (
(7) If S = So3,0, then ZMod(S) = Mod(S
( )
(9) If S = S1,0,1, then Mod(S) = SLy(Z). Hence, ZMod(S) = Z/2Z.

(10) If S = S1,02, then ZMod(S) = Z/2Z.

(11) If S = Si,1,0, then ZMod(S) = Z.

(12) If S = S2,0,0, then ZMod(S) = Z/2Z.

Now suppose that S is different from the surfaces in (1) — (12). That is, S is not of the
following: The sphere with less than four punctures, the disk with less than three punctures,
the annulus with no punctures, the torus with less than three punctures, the torus with one
boundary component and no punctures, and the closed genus two surface with no punctures.
Denote by aq,--- ,ap the isotopy classes of all the peripheral curves in S and by T; the Dehn
twist along a;, i = 1,--- ;b. Then the center ZMod(S) of Mod(S) is the subgroup generated
by Ti,--- , Ty and is isomorphic to the free abelian group Z°. In particular, if S = Sg.0,p

with g > 3 and p > 0, then ZMod(S) is trivial.
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CHAPTER 2

BRAID GROUPS

2.1 The classical braid groups B,

We think of a classical braid 5 on n strands (n-braid for short) as a continuous family
of n disjoint embedded paths f; : I — R? x I (called strands) in R3, starting at the points
{(4,0, 1)};‘;“11 and ending at {(c(j),0, 0)}7;“11 , where o € 3,,. Each strand is a monotonically
decreasing function in the coordinate z. So the paths of S run monotonically down the z-

axis, while possibly twisting around each other. This definition gives rise to the so called

geometric or physical braid (See Figure 2.1).

Two n-braids 3 and 3’ are said to be equivalent, if one can be deformed to the other by
a braid isotopy. In other words, there is a continuous family F; : R? x I — R? x I which is
the identity on R? x {0} and R? x {1} for all i € I (ie F; fixes the endpoints), F;(3) is an
n-braid for all ¢ € I, and Fy(8) = 8 and F1(8) = §'.The set of isotopy classes of n-braids
forms a group under braid concatenation or stacking. Given two n-braids 3 and ', we stack
B on top of /' and rescale ¢ to obtain the product braid 5.3 : I — R? x I. The classical

braid group of n strands is denoted by B,.

Consider a n-braid 8 in R3. Project 3 onto the xz-plane. This projection may be
performed so that, as one moves down the z-axis, only one crossing is encountered at a
time. The resulting two dimensional picture of this projection is called a braid diagram for

B. In a braid diagram, what appears to be a disconnected strand at a crossing is meant to

14



Figure 2.1: A geometric braid on 3 strands.

be a strand which comes from behind the connected strand (See Figure 2.2).

The group B, is generated by n — 1 braids i, -+ ,n_1, Where 7; represents the i

st The generators ; satisfy two types of relations, namely

strand crossed over the (i + 1)
Yivj = V5% Whenever |i — j| > 2 and viyit1v = Yit1%iYi41 for i = 1,--- ,n — 2. These

relations are illustrated in Figure 2.2. This gives a presentation for B, :

Bn={vi, v | vivit1v = v vivit 1, vivs = v if i — 3§l = 2)

i i+l ] J41 i+l ] J+1 i+l 42 il 42
7 7 7/ 7
\ )
/ \
/ / / /

Figure 2.2: ~;v; = v;v when |i — j| > 2 (left) and v;vit17: = Yit17iYi+1 (right).

We end this section with a fact that shall be used in sections 5.5 and 7.8. This fact
states that B, is isomorphic to the finite type Artin group A(A,), defined in chapter 3.

The isomorphism is given explicitly in theorem 5.5.1.

15



[
(4%
(o]
=

/
/

Figure 2.3: The geometric 4-braid (y17y27y3)%, which generates Z(By).

2.2 The center of B,

We state a theorem about the center of the braid group B, on n strands. For the proof,

we refer the reader to [18] or [4].

Theorem 2.2.1. If n > 3, then the center Z(B,) of B, is infinite cyclic generated by

r= (7172 Yn-1)"

Geometrically, the generator of Z(B,,) can be obtained from the trivial n-braid by fixing
the top and rotating the bottom by 27. Figure 2.3 illustrates (717273)?, the generator of
Z(By).

To see why x commutes with every element in B,, pick an arbitrary n-braid y and
consider xyz~!. By twisting y (in 2yz—!) by —27, one can check that the resulting n-braid

is isotopic to .
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2.3 Annular braid groups

Annular braids are defined in analogy with classical braids. An annular n-braid is a
continuous collection of n disjoint embedded paths in R3, starting at equally spaced points
on the unit circle in the plane z = 1 and ending at analogous points on the unit circle in
the xy-plane. The paths run down monotonically with respect to the z-axis, while possibly
twisting around one another. However, we require that an annular braid never intersect the

z-axis. Thus, annular braids live in R? minus the z-axis.

Two annular n-braids « and o’ are said to be equivalent, if we can deform one to the other
by a braid isotopy. That is, there exists a continuous family G; : R?\ {0} x I — R?\ {0} x I
such that, for all t € I, G; fixes the endpoints and «; = Gy(«) is an annular n-braid.
Moreover, ag = a and a1 = o/. The set of isotopy classes of annular n-braids forms a group
under the stacking operation. This group is denoted by CB,. It was shown by Crisp [7]

that C'B,, is isomorphic to the finite type Artin group A(B,,), defined in chapter 3.

For an annular braid, rather than projecting onto a plane, we thicken the z-axis to form
a cylinder, project the strands onto the cylinder’s surface, and view the projection from
outside. The group C B,, has generators oy, 01,092, - ,0,-1, and 7, where g;, 2 = 0,--- ,n—1
represents crossing the it strand over the (i + 1)* modulo n. In particular, oy represents
crossing the n'* (or zeroth modulo n) strand over the first. The generator 7 is shown in

Figure 2.4.

Theorem 2.3.1 (Kent-Peifer). The annular braid group on n strands, CB,, has presenta-

tion:

P = (oo, ,0n-1,T| 0i0i410; = 0i410;0i+1 mod(n) for i =0,1,--- ;n—1

0,05 = 00 for ’Z - ]| #1,n—1, 7-0'2'7—71 = U(i+1)mod(n)>

In the presentation P, set H = (1) and denote by N the normal subgroup of CB,

generated by {o0g,01, -+ ,0n-1}. It is clear from the presentation P that conjugating

17



Figure 2.4: This picture illustrates the generators o; (left) and 7 (right) of the annular
braid group CB,,. In CB,, the defining relations are ¢;0;110; = 04410;0;41 modulo n,
i=0,---,n—1,[0;,05]=1for |i —j| #1,n—1, and 70,7~ = 0,41 modulo n.

{00,01,"+ ,0n—1} by 7 induces an automorphism of N. This gives a homomorphism
¢ : H — Aut(N), where ¢(7)(03) = 70i7 1 = 0(i41)mod(n)> ¢ = 0,-+-,n — 1. As such,
CB,, is isomorphic to the semidirect product N x4 H. It follows from the structure of CB,
and its presentation P that N is isomorphic to the affine Artin group A(A,_1) (see chapter
3). Therefore, CB, = A(A,_1) x (7).

Consider B, 41, the classical braid group on n + 1 strands. Let D, 1 be the set of all
classical (n + 1)-braids, where the endpoint of the first strand does not get permuted. In
other words, the first strand begins and ends at the first position. D, is a finite index
subgroup of B,41, which was studied by Chow [6]. To see why [By+1 : Dpt1] < 00, recall
that the pure braid group PB,y1 consists of all (n+1)-braids where the i*" strand ends
up at the ¥ position for all i = 1,--- ,n + 1. Algebraically, PB,,41 is the kernel of the
epimorphism B, 1 — X,41 given by 74; — (i ¢+ 1). Thus, PB,41 is a subgroup of index

(n+1)!in By,41. Since PB,,41 is a subgroup of Dy, 41, Dy41 has finite index in B,,11. Chow’s

18



1 2 3 i-1 i i+1 n+1

/

-

Figure 2.5: The generator a; of D,,1. As seen in the picture, the braid a; starts at the
first position, goes behind strands 2 through ¢ — 1, crosses over then under strand i, and
then goes back to the first position from behind strands ¢ — 1 through 2.

presentation of Dy, is:

D - <’)/27’Y37 c yYn,Q2,03, "¢ 7an+1‘ YiVi+17Yi = Vi+17ViVi+1
Yivj = vivi for i —j| > 2, yiagy; ' =ax for k#ii+1

-1 -1 -1
ViGiY; T = Qid1, Vii17; :ai+1aiai+1>

In the presentation D, +; represents the standard generator of B,, 41, where the i** strand
is crossed over the (i + 1)%!. Note, however, that the index i begins at 2, and thus none
of the crossings include the first strand. The generators a; are the ones involving the first
strand. More precisely, a; is the braid corresponding to the first strand going behind the
274 through the (i — 1)® strands, crossing over then under the i*" strand, then returning
back to the first position from behind the (i — 1)* strand through the 2"¢. See Figure 2.5

for illustration.
Theorem 2.3.2 (Kent-Peifer). The groups CB,, and D, are isomorphic.
Proof. Let y € Dyy1. Then y is a classical (n+ 1)-braid with the stipulation that endpoint

of the first strand does not get permuted. Thicken the first strand of y to form a cylinder,
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then pull it tight. Now wrap the remaining strands of y once around the cylinder’s surface.
After the wrapping occurs, the positions of strands 2 through n + 1 reverse order. In other
words, strand 2 becomes strand n — 1 on the cylinder, strand 3 becomes strand n — 2, -- -,
and strand n + 1 becomes strand 0 (See Figure 2.6). While wrapping, strands are neither
allowed to pass through one another nor through the cylinder. The result of this process is

an annular n-braid. Define ® : D,,;1 — CB,, by

Yi v+ Op—g for i =2,---.n

ag — (Op—20p_3- - 0oo7) "

aj = (O(ny1)—j*  On—2)(On-20n-3 - 00T) (O (ng1)—j - On—2) "

forj=3,---,n+1

Let a1 and aso be elements of D,,11. Wrapping a;.ao around its thickened first strand yields
the same annular braid as when a7 and as are each wrapped around their thickened first
strands, then concatenated in CB,,. Thus, ® is a homomorphism. It can be checked that
7 is the image of (a2 - v,) ! and 0,1 is the image of (agya -+ Yn)ym(a2y2 - - vn) L. So
® is surjective. If a € ker(®), then ®(a) can be deformed into the trivial annular n-braid.
Performing an analogous deformation on « yields the trivial (n+1)-braid. That is, suppose,
for example, ®(a) is deformed to the trivial annular braid by pulling its 2"¢ strand from
behind the 3¢ strand (thus eliminating two crossings). Then the analogous deformation on
o would be pulling the (n — 1)% strand from above the (n — 2)"?. Therefore, ® is injective,

and consequently an isomorphism. O

Theorem 2.3.3 (Kent-Peifer). The presentation D of D1 is equivalent to P

We refer the reader to [19] for the proof of theorem 2.3.3. It is easy to see that theo-

rem 2.3.1 is an immediate consequence of theorems 2.3.2 and 2.3.3.

In light of the results in this section, we emphasize the following observation:
A(;{n—l) “N<CB,= Dn+1 < Bn—l—l
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1 2 3 i-1 i i+1 n+1 2. 3 -1 0 41 n+l . ..
~1_] Tows T
Ny
|__—— |7 E——
| \
W

Figure 2.6: Mapping a; € Dy,,11 to ®(a;) € CB,,.

where N is the normal subgroup of C'B,, generated by oy, - -+ ,0,-1 (see theorem 2.3.1) and
.A(Zn_l) is the affine Artin group of type A,,_1 defined in chapter 3.

In section 5.5, we will use this observation along with theorem 5.1.2 to give and embed-

ding of A(A,_1) into Mod(S).
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CHAPTER 3

ARTIN GROUPS

3.1 Artin monoids and Artin groups

A Coxeter system of rank n is a pair (W, S) consisting of a finite set .S of order n and a

group W with presentation
(S| (st)™st =1, for s,t €S such that mg # c0)

where mgs = 1 and mg = mys € {2,3,--- ,00} for s # t. mg = 0o means that there is no

relation between s and ¢. An equivalent presentation is given by:
(S|s2=1VseS, prod(s,t;mg) = prod(t, s;ms) such that mg # oo)

where, again, mgs = 1, mg = mys € {2,3,--- ,00} for s # t, and prod(s,t;ms) = sts---

where the product contains mg; terms.

A Coxeter system is determined by its Coxeter graph I'. This graph has vertex set S
and includes an edge labeled mg;, between s and ¢, whenever mg > 3. The label mg = 3
is usually omitted. The graph I' defines the type of a Coxeter group. We say that W is a
Coxeter group of type I', and denote it by W(T"). Alternatively, a Coxeter system can be
uniquely determined by its Coxeter matrix M = (m;;); jes, where M is an n x n symmetric
matrix with ones on the main diagonal and entries in {2,--- , 00} elsewhere. When W is

finite, we refer to it as a Coxeter group of finite type. Otherwise, W is of infinite type.

The Artin group, A(T"), of type I' has presentation
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(S | prod(s,t;mg) = prod(t, s;mst) such that mg # 00) (%)

It is clear from the presentations that W (I') is a quotient of A(T"). It is the quotient of
A(T) by the normal closure of {s?|s € S}. We say that an Artin group has finite type, if

its corresponding Coxeter group is finite.

Consider F(S)", the free monoid (semigroup with 1) of positive words in the alphabet
of S. The Artin monoid AT (T) of type I' is obtained from F(S)" by stipulating that
prod(s,t;mg) = prod(s,t;mys) for all s,t € S and mg # co. The equality = denotes the
positive word equivalence in AT (T") (as opposed to the word equivalence in the group A(T")
which is denoted by =). In other words, A" (T') is given by (x), considered as a monoid

presentation.

Definition 3.1.1. Let M and N be monoids. A map ¢ : M — N is said to be a monoid

homomorphism if f(xy) = f(z)f(y) for all z,y € M and f(1p) = 1n.

We state some useful definitions and results about Artin monoids and Artin groups. The

interested reader is referred to [4] for detailed information.

e If I is of finite type, then the canonical homomorphism A™(T") — A(T) is injective.
e The Artin monoid AT (T') is cancellative. That is, UA1V = UAsV implies Ay = As.

e Let U,V € AT(T'). We say that U divides V (on the left), and write U|V, if V. = UV’

for some V' € AT(T).

e An element V is said to be a common multiple for a finite subset 4 = {Uy,---,U,}
of AT(T) if U;|V for each i = 1,---,r. It is shown in [4] that if a common multiple of
U exists, then there exists a necessarily unique least common multiple of /. The least
common multiple is a common multiple which divides all the common multiples of i,
and is denoted by [Uy,---,U,]. For each pair of elements s,t € S with mg # oo, the
least common multiple [s, t] = prod(s,t;ms). If mg = oo, then s and ¢ have no common

multiple.
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e Every element w of F/(S)" can be expressed uniquely as a word in the alphabet of S. The
number of letters in this word is called the length of w and is denoted by [(w). Define
[(1) = 0. It is obvious that I(s) = 1 for all s € S and that l(ww') = l(w) + l(w’) for
all w,w’ € F(S)*. Define [ : AT(') — N by [(U) equals the length of any word in
F(S)* representing U. The function [ is well-defined because applying prod(s,t;ms) =
prod(t,s;mst) to a word u € A'(T') does not alter its length. Clearly, U|V implies
W) <iyv).

Lemma 3.1.2 (Brieskorn-Saito). Let (W,S) be a Coxeter system with Coxeter graph T.
If X,)Y € AT(T') and s,t € S satisfy sX = tY, then AW € AT(') such that X =

prod(t,s;ms — L)W and Y = prod(s,t;ms — 1)W.

Lemma 3.1.2 is called the Reduction Lemma. It will be used repeatedly in lemma 5.2.1.

We end this section with a list of Coxeter graphs that are relevant to this dissertation.
In what follows, we shall encounter the Coxeter graphs A,,, By, D,, Hs, I2(k), and Ap_1
shown below. All of those graphs are of finite type, except for /Tn_l. See [14] for a complete

classification of Coxeter groups.

S1 52 83 Sp—2 Spn—1 Sp

S1 52 83 Spn—2 Sn—1 Sn

Sn
D,, = o o - (n>4)
S1 S92 83 Sn—3 Sn—2
Sn—1
Hs = .LQ—.
3= S1 S9 S3
nk)= o' (k> 3)
1 52
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S1 52 83 Sp—3 Sn—2 Sn—1

3.2 LCM-Homomorphisms and foldings

The majority of definitions and results from this section are due to Crisp. The reader

is referred to [7] for more information.
Definition 3.2.1. An Artin monoid homomorphism ¢ : AT(I') — AT(I") respects lems if
1. ¢(s) # 1 for each generator s, and

2. For each pair of generators s,t € S, the pair ¢(s), dp(t) have a common multiple only

if s and t do. In that case, [¢(s), p(t)] = o([s,1]).

Theorem 3.2.2 (Crisp). A homomorphism ¢ : AT(L') — AT(I") between Artin monoids

which respects lcms s injective.

Theorem 3.2.3 (Crisp). If ¢ : AT(T') — AT(I”) is a monomorphism between finite type
Artin monoids, then the induced homomorphism ¢4 : A(T') — A(T") between Artin groups
18 injective.

Let AT (T") be an Artin monoid with generating set S. If T C S has a common multiple,
then T has a unique least common multiple. Denote this least common multiple by Ap. Ap
is also called the fundamental element for 7. It was shown in [4] that Ap exists if and only

if the parabolic subgroup Wr (ie the subgroup of W(I') generated by T') is finite. When it

exists, A corresponds to the longest element of Wr.

Definition 3.2.4. Let (W, S) and (W', S") be Coxeter systems of types I' and T respectively,
and assume mg # oo for all s,t € S. Let {T'(s)|s € S} be a collection of mutually disjoint

subsets of S" such that
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1. for each s € S, T(s) is nonempty and A,y exists, and
2. prod(Aqsy, Apy;mst) = prod(Apgy, Ay mus) = [Aps), Ape)] for all s,t € S.

Define a homomorphism ¢ : AYI) — AY(IY) by ér(s) = Ay for s € S. Such a

homomorphism is called an LCM-homomorphism.

It is clear from condition 2 that ¢ is a homomorphism (For each relation R in A™(T),
¢é7r(R) is a relation in AT(I”)). Additionally, ¢ respects lems. Indeed, condition 1 of
definition 3.2.1 is satisfied because T'(s) # () consists of generators of S’. As such Aq,) # 1.
Moreover, the assumption mg # oo for all s, ¢ guarantees the existence of [s,¢] for all s,¢.
Also, condition 2 of definition 3.2.4 implies the second condition of definition 3.2.1. Since

LCM-homomorphisms respect lcms, they are injective by theorem 3.2.2.

Let (W,S) be an irreducible Coxeter system (ie its Coxeter graph I' is connected),
with S = {s1,s92,---,s,}. A Coxeter element h of W is defined to be a product
S0(1)Sa(2) " So(n)s Where o € Xp. It is known that all Coxeter elements are conjugate
in W (see p.74 in [14]). Hence, all the Coxeter elements have the same order in W. Con-
sequently, the Coxeter number of W is defined to be the order of a Coxeter element. It
is well known [14] that the Coxeter graphs A,,, By, D,, and I3(n) have Coxeter numbers

n+1, 2n, 2n — 2, and n respectively.

Definition 3.2.5. Let e = Iy(m) with m > 3 and let k be a positive integer. Denote by k.e
the disjoint union of k copies of . The map f. : k.e — € which sends each copy of € in k.e

identically to € is called a k-fold trivial folding.

Definition 3.2.6. Let e = I3(m) with m > 3 and let K be an irreducible finite type Cozeter
graph with Coxeter number m. Choose a partition Ks U Ky of the vertex set of K so that
there are no edges between the vertices of Ks and no edges between the vertices of K. The
dihedral folding of K onto € is the unique simplicial map f. : K — € such that f(Kg) = s
and f(Ky) =t.
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It is well known [14] that all finite type Coxeter graphs are bipartite. As such, one may
always choose a partition as in definition 3.2.6. This partition is unique up to relabeling of

the two sets K and K;.

Definition 3.2.7. Let I and I be Coxeter graphs with respective vertex sets S and S'. A
folding of T' onto T is a surjective simplicial map f : IV — T' such that for every edge
e = Iy(m) with m > 3, the restriction f. of f to f~'(¢) is either a k-fold trivial folding or

a dihedral folding.

Remark. Let f : IY — T be a folding so that, for some edge € = Iy(m) with m > 3 in
T, the restriction f. of f to f~!(e) is a dihedral folding and f is trivial otherwise. Since
fe depends on the choice of labeling the partition of f~!(¢) = K into K, and K; as in
definition 3.2.6, this could possibly give rise to two distinct foldings of IV onto I'. When
distinct, we distinguish these foldings by writing (K, +¢€) and (K, —e). See section 3.4 for

examples illustrating this.

3.3 LCM-homomorphisms from foldings

In the coming sections, foldings will be crucial for finding embeddings of certain Artin
groups into mapping class groups. We devote this section to explaining how foldings in-
duce LCM-homomorphisms, and give a detailed proof of the main result (theorem 3.3.1)

pertaining to this.

Theorem 3.3.1 (Crisp). Suppose f : I' — T is a folding. Then f induces an LCM-
homomorphism ¢ : AT (T) — AT(I") such that ¢'(s) = A1y for s € S.

Lemma 3.3.2. Let I' be an irreducible finite type Coxeter graph with vertex set S. Partition
S into two sets Kg and Ky so that in each set, no pair of vertices are joined by an edge. If
Ag., Ag,, and A are the respective least common multiples of K, K; , and S = Kg U K}

in AT(T'), then A = [Ag,,Ag,]. That is, A is the least common multiple of Ak, and Ak,.
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Proof. First note that all irreducible Coxeter graphs of finite type are bipartite. Hence, one
can always partition S as suggested, and the partition is actually unique up to relabeling K
and K;. Also note that A exists because I is of finite type, and that the existence of Ay,
Ak, is a consequence of lemma 5.1.1. Since A is a common multiple of S, A is a common
multiple of K5 C S. Since Ak, is the least common multiple of K, Ag,|A. Similarly, A is
a common multiple of Ky, and so Ag,|A. Thus, A is a common multiple of A, and Ag,.
Now suppose that C' is another common multiple of Ay, and Ag,. Then, C = Ag, W and
C = Ak, W' for some W,W' € A*(T'). Since K, and K; consist of pairwise commuting
elements and S = K, U Ky, C is a multiple of every s € S. But A is the least common

multiple of S. So, A|C and therefore A = [Ag,, Ag,]. O

Lemma 3.3.3 (Brieskorn-Saito). Suppose I' is an irreducible finite type Coxeter graph with
Coxeter number h. Let Kg = {s1, -+ ,sp} and Ky = {t1,--- ,t,} be a partition of S into sets

of pairwise commuting generators, and let A be the least common multiple of S in AT (T).
If
P'=TT"_, si, P"=I1"_, t;, and P=P'P"
then
A;P% if h is even
h—1 h—1
A=Pz P'=P"P 2z ifh is odd

AZ=ph always

Proof of theorem 3.3.1. We are going to show that ¢/ satisfies conditions (1) and (2) of
definition 3.2.4. Since f is surjective, f~!(s) is nonempty for each s € S. By definition 3.2.7,
it follows that, for each s € S, f~1(s) is a finite disjoint union of vertices in I'. By
lemma 5.2.1, Ag-1(,) exists and is equal to the product (in any order) of all the elements

of f~1(s). This takes care of condition (1) in definition 3.2.4.

For condition (2), consider s,t € S with s # ¢t. First assume that s and ¢ are not

joined by an edge (ie mg = 2). Since f is a simplicial map, there is no edge between
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any s' € f~!(s) and any ¢’ € f7(t). Hence, A1 (5 commutes with As—1. To show that
Ap1) A1y = [Ap-1(5), Ap-1(4], note that f~1(s)Uf~1(t) consists of pairwise commuting
generators each of which must divide [Aj-1(5), Ap-1(p]. This implies that Ap1HAp1(y
divides [Ag-1(5), Ap-1(»]. On the other hand, it is clear that [Ajs—1(4), As-1(y] divides

Af_l(s)Af_l(t)' Therefore, Af_l(s)Af_l(t) = [Af—l(s)aAf—l(t)]-

We now prove condition (2) when the f. (from definition 3.2.7) is a k-fold trivial folding.
Set f~(s) = {s1,---,sk} and f71(¢t) = {t1,--- ,tx}, where s and t are the vertices of e.
Recall that Ag-1(g) = s1---s and Ap-1(y) = t1---t; (see first paragraph of the proof).

Since s; commutes with s; for all 4, j and s; commutes with ¢; for all j # 4, it follows that

k
prod(Ap-1(g), Ap-1(p);mst) = Hprod(si, ti; mst)
=1
k

= [ prod(ti, si;ma)
=1
= prod(Affl(t),qu(s);mst)

Note that by definition of a k-fold trivial folding, mg = ms,, for all . It remains to
show that prod(Af-1(s), Ap-1(y;mst) = [Afp-1(s), Ap-1(y)]. Note that for each i =1,--- |k,
[Ap-1(s), Ap-1(p] is a common multiple of {s;,t;}. So, [s;, ;] divides [Ap—1(y), Ap-1(y] for
all i. Recall that [s;,t;] = prod(si,ti, ms) (see section 3.1). So, {prod(s;,t;;ms)}r_, con-
sists of pairwise commuting elements each of which must divide [Af-1(5), Ap-1(y]. As
such, Hle prod(t;, si;mst) divides [Ag-1(5), Ap-14]. On the other hand, it is clear that
[Ap-i1(5), Ap-10p] divides Hleprod(ti,si;mst). Therefore, prod(Ag-1(s), Ap-1();mst) =
[Bp1() A1)

Now assume that s and ¢ are joined by an edge ¢ with label ms > 3, and that the
restriction f, is a dihedral folding. Since f is simplicial, f~!(e) is the full subgraph of I
spanned by its vertex set. That f~!(e) is irreducible follows from definition 3.2.6. Moreover,
note that € = Iy(ms;) has Coxeter number mg. According to definition 3.2.6, f~!(¢) must

have Coxeter number my; as well. Denote the full subgraph f~!(¢) by K, and write its
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bipartite partition as Ks U K. If mg is even, then lemma 3.3.3 gives

Mst

= (Ag.Agk,) 2

- prOd(Ast AKt;mSt)

- pTOd(AKt; AKs;mst)

where the last positive equivalence is due to the fact that lemma 3.3.3 holds irrespective

mgr—1

of the labeling of K; and K;. If mg is odd, then lemma 3.3.3 gives A = P~ 2z P/ =

mgr—1

P"P~ 2 which implies

A = prod(Agk,, Ar,;me) = prod(Ax,, Ak, ;M)

By lemma 3.3.2, prod(Ak,, Ak,;ms) = prod(Ag,, Ax,;ms) = [Ax,, Axk,]. O

Corollary 3.3.4. Let I'(h) be the Coxeter graph corresponding to an irreducible finite type
Cozxeter group with Cozxeter number h. Then the dihedral folding of T'(h) onto I2(h) defines
an embedding ¢f : AT (Iz(h)) — AT(T(Rh)) between the Artin monoids. By theorem 3.2.3,

there is an embedding between the corresponding Artin groups.

3.4 Examples of LCM-homomorphisms induced from

foldings

In this section, we illustrate theorem 3.3.1 by giving examples of LCM-homomorphisms
between Artin monoids defined by foldings. These monoid homomorphisms induce embed-
dings between the corresponding Artin groups. In all the examples, notice how the Coxeter
numbers match for the Coxeter graphs in the domain and range of the folding. In example
4, we show by direct computations that the map ¢/ in theorem 3.3.1 is indeed a monoid

homomorphism. This will hopefully bring about some appreciation for theorem 3.3.1. We
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remark that examples 4 and 5 will be used in sections 5.3 and 5.4 respectively.

1. The dihedral foldings (A3, +¢) and (A3, —¢) of Az onto I5(4).

In this example, h = 4 (h is the Coxeter number of A3), K = {s1,s2,s3}, I' = As,
and I' = € = I5(4). Partition K into disjoint sets, Kg and Ky, of pairwise commuting
generators. The only way to do that is by writing K = {s1,s3} U {s2}. Depending
on the labeling of K and K, there are two respective foldings (As, +¢) and (A3, —¢),

corresponding to:

(a) Ks={s1,s3} and K; = {s2}.

(b) Ks = {s2} and K; = {s1,s3}.

A3= eo—o o - oo =[(4)
51 52 53 s t

By theorem 3.3.1, the folding (As, +¢€) of A3 onto I2(4), from the first labeling, induces

the LCM-homomorphism

oL s AT (Ip(4)) — AT(43)
S = Af—l(s) = 51853

t+— Affl(t) = S92

Whereas the folding (A3, —¢) induces an LCM-homomorphism

¢l AT(Ir(4)) — A*(A3)
s Apo1g) = 82

t— Affl(t) = 5183
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Note that ¢/ = gbﬂ: o1, where ¢ : AT (I2(4)) — AT (I5(4)) is the homomorphism de-
fined by s+ t and t — s. Since qﬁi are LCM-homomorphisms, they are injective. By
theorem 3.2.3, the induced homomorphisms between the corresponding Artin groups

are injective.

. The dihedral folding of A4 onto I3(5).

In this example, h = 5, K = {s1, $2,83,54}, I' = Ay, and T' = € = [5(5). Partition
K into disjoint subsets K¢ and K; of mutually commuting elements. There is exactly
one way to do that, namely K = {s1,s3} U {s2,s4}. There are two foldings (A4, +€)

and (A4, —€) induced by the following labels:
(a) Kg={s1,s3} and K; = {s2,84}.

(b) Ks = {s2,s4} and K; = {s1,s3}.

A= o—o o o — o =[5
51 52 83 S4 S t

In the first case, the (Ay, €) folding f induces the LCM-homomorphism

¢ s AT (Ia(5)) — A (Ag)
S = Affl(s) — 8183

t— Affl(t) = 8984
In the second case, (A4, —¢) folding f induces the LCM-homomorphism

¢! : AF(Ip(5)) — A*(A4)
S Affl(s) = 5954

t— Affl(t) = 8183
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Notice that qﬁf: can be obtained from qSJi by precomposing with the isomorphism 1 :
AT (I5(5)) — A*(I2(5)) mapping s to t and ¢ to s. Since qﬁi are LCM-homomorphisms,
they are injective. By theorem 3.2.3, the induced homomorphisms between the cor-

responding Artin groups are injective.

. The dihedral foldings (B3, +¢) and (B3, —¢) of B3 onto I5(6).

Here, h = 6, K = {s1, 82,83}, ' = Bs, and € = I3(6). There are two foldings (B3, +¢)
and (Bs, —e) of B3 onto I3(6) based on the labeling of the partition K = {s1, s3}U{sa}
by K, and K;.

Bs

I
|
I

S1 52 53 S t

Choosing K = {s1,s3} and K; = {sa2}, gives the (Bs,+¢) folding f : B3 — I(6)

which, by theorem 3.3.1, induces an LCM-homomorphism

¢! - A*(15(6)) — AT (Bs)
S = Af—l(s) = 51853

t— Affl(t) = $9

This monoid monomorphism induces an embedding of A(I2(6)) into A(Bs). The
(B3, —¢) folding, which induces a different embedding of A(12(6)) into A(Bs3), is ob-
tained by swapping K and K.

. The (As, +¢) foldings of As, 1 and D, onto B,,.

Consider the Coxeter graph B,, and denote by € its I5(4) subgraph. Also consider the

Coxeter graphs Ag,—1 and D, 11 shown below
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x3
D"+1 / / (A T
Ty Ty Ty Ipg 2
T

It can be verified that the simplicial map fy : As,—1 — B, defined by

fr(v2) = sn

fr(v)) = sp_1, i=1,3
felvj) = 85 j=1,- ,n-2
fo@f) = s5, j=1,---,n—2

is the (As, +e¢) folding of Ag,_1 onto B,,. One can also check that the simplicial map
f= 1 Dpy1 — B, defined by

f-(z2) = sp1
f-(xi) = sp, i=1,3
f*(x;) = S .]:177”_2

is the (A3, —¢) folding of D,,4+1 onto B,. By theorem 3.3.1, (A3, +e¢) and (As, —¢)

induce the LCM-homomorphisms given by

o7 AT(B,) — At (Agy 1)

¢£(5) = Aff(s)

and
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¢Ji : ~A+<Bn) - -A+(Dn+1)

oL(s) = As1s)

respectively. By theorem 3.2.3, there are embeddings between the corresponding Artin

groups.

We end this example by showing directly why gi)ﬂ: is a monoid homomorphism. On
one hand, this will shed some light on how this folding works, and on the other hand,
it will help us appreciate theorem 3.3.1. From the definition of f., it is easily seen

that

¢ (su-1) = wvivs
O (s0) = v
¢h(s;) = vl j=1,- ,n—2

We show that for every relation R in AT (B,), gzbfr(R) is a relation in A1 (Ag,_1).
Recall that edgeless vertices commute and that vertices joined by an unlabeled edge

satisfy the braid relation.

(1) Image of $p—15n5n—15n = SnSn—1SnSn—1

V1V3VVIV3V9 = V3V1V2V1V3V2
= V3V2V1V2U3V2
= V3V2V1V3V2V3
= V3V2V3V1V2V3
= V2V30V2V1V2V3
=  VU3V1V2V1V3

= V2V1V3V2UV1V3
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(2) Image of s,-18,-287-1 = Sp—28n—15n—2

/ " / "
V1030, _90V,,_oU1V3 = UV3V1V,,_9U, oU173
_ / / "
— 'USUn72U1Un72U1Un72U3
!/ / "
= Up_oU1Up_ 203V, _2U3
!/ / 1 "
= Up_2U1Up_2Up_2U3Un_2

/ " / "
= Up_2Up 2VU1V, _2oU3U,_2

" / "
n—2Un—2V1U3Vy,_2Un_2

(3) Image of sps; = sjs, for j=1,--- ,n—2
vzvv = v}v}'vg,jzl,‘--,n—2
(4) Image of s,—15; = sjsp—1 for j=1,--- ,n—3
U1U3’UU = U’UU1U3,] 1,--- ., n—3

(5) Suppose that j,k € {1,--- ,n — 2} and j # k.
(a) If mj, = 2 then sjs;, = ss;.

"1 "/
U U Uk'l}k = 'UkUkU U

(b) If mj, = 3 then s;s,5; = 51,5;5.
v v"vfivgv'v = v”v'vkv v,’év"
_ AN/ A /S /)
= ’Ukvj ’Uj’Uk.’UkUj
non 1

= Uk'l) Uk?} Ukv
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_ o
= Uk’l)jvkvk’l)j Uk.

_ o
= Ukvkvj'l)kvj (Y%

o [N/ N/ B )
= Uk.Uk.UjUj ViV

5. The (A4, ¢) folding of Ds onto Hj

Consider the Coxeter graph Hs and denote by € its I5(5) subgraph.

ag
f 5
ai a2 as a4 S t U
as

The simplicial map f : Dg — Hs defined by:

gives rise to the (Ay,¢€) folding, since it restricts to the dihedral folding of A4 over e
and is trivial everywhere else. By theorem 3.3.1, f induces an LCM-homomorphism

defined by
¢f : A*(Hz) — A*(De)
s Ap-15) = ara3
t— Af_1(t) = asay

U — qu(u) = asag

By theorem 3.2.3, the induced homomorphism (b’; : A(Hs) — A(Dg) is an embedding.
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CHAPTER 4

SURFACES ASSOCIATED WITH COXETER
GRAPHS AND EMBEDDED GRAPHS

4.1 Chord diagrams, curve graphs, and embedded graphs

In this section, we define a chord diagram and associate a compact orientable surface to
it. We also construct graphs corresponding to chord diagrams and relate them to Coxeter
graphs. Moreover, we introduce two graphs associated with a finite collection {a1,--- ,a,}
of simple closed curves in an orientable surface S. The first is called the curve graph. It is
a convenient way of encoding all the geometric intersections numbers i(a;, a;). The second
graph is called the embedded graph. It is simply the union U}",a;, viewed as an embedded

one-dimensional simplicial complex in S.

Definition 4.1.1. A chord diagram in a closed disk D is a family si,--- ,s, : [0,1] — D

satisfying:
e 5;:[0,1] — D is an embedding for all i € {1,--- ,n}.
e 5i(0),s;(1) € OD for alli € {1,--- ,n}.

e 5,((0,1))NID =0 forallic {1, - ,n}.

For i # j, either s; Ns; =0 or s;Ns; = {x}, where x € intD.

e s;NsjNs, =0 for distinct i, j, and k.
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>4
=) . &

Figure 4.1: Surface defined by a chord diagram.

To a chord diagram, we associate a graph A whose vertices are the chords s;, and two
vertices are joined by an edge if the corresponding chords intersect. By setting m;; = 2
when s; Ns; = @ and m;; = 3 when s; N s; # (), the graph A defines a Coxeter matrix
M = (m;;). So, we can think of A as a Coxeter graph whose vertex set consists of the

chords s;, and whose edges are defined above.

From a chord diagram, one can define a compact orientable surface by attaching bands

to D as in Figure 4.1.

Definition 4.1.2. Let {a1, - - ,a,} be a collection of pairwise nonisotopic simple closed
curves in an orientable S. Assume that the a; intersect efficiently in the sense of defi-
nition 1.2.1. To this collection, we associate a graph CG, called the curve graph of the
a;. The vertices of CG are the curves a;, and two vertices are joined by an edge when-
ever i(aj,a;) > 0. When i(a;,a;) > 1, the edge between a; and a; is labeled x;; where

xij = i(a;,a5). When i(a;, a;) =1, suppress the label.

By setting m;; = 2 when i(a;, a;) = 0, m;; = 3 when i(a;,a;) = 1, and m;; = co when
i(a;,aj) > 2, the curve graph CG defines a Coxeter matrix M = (m;;). So, CG can be
viewed as a Coxeter graph whose vertices are the simple closed curves a; and whose edge

are defined above.

Given a finite collection {ai, - ,a,} of simple closed curves in S, the curve graph of
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the a; is an efficient tool for encoding the geometric intersections i(a;, a;).

Definition 4.1.3. Let {a1,- - ,a,} be a collection of simple closed curves in an orientable
surface S, and assume that the a; intersect efficiently in the sense of definition 1.2.1. The
embedded graph £G associated with the a;, is U} a; viewed as a one-dimensional sim-
plicial complexr embedded in S. So, the vertex set of EG consists of the intersection points

between the a;, and the edge set consists of the arcs joining the intersection points.

Given an embedded graph £G corresponding to a finite collection {ay, - - ,a,} of simple
closed curves in S, we associate to it the compact surface N, which is a closed regular
neighborhood of U} ;a;. Note that N, deformation retracts to £G. By the homotopy

invariance of the Euler characteristic, it follows that

X(Ne) = x(£G)

X(Ne) =2 —2g — b, where g represents the genus and b represents the number of boundary
components of N.. Moreover, x(£G) = v — e, where v and e represent the respective

cardinalities of the vertex and edge sets of £G. Hence,

e—b—v+2

> (4.1)

g =
In subsequent sections, we shall use equation 4.1 to compute the genus of N, = N(a; UasU

a3) and consequently determine its topological type.

4.2 Surfaces determined by chord diagrams corresponding

to A, and D,

In this section, we determine the topological types of the compact surfaces associated

with the chord diagrams corresponding to A, and D,.
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Figure 4.2: The cases n = 2,3. |0S4,| = 1 and |0S4,| = 2. Distinct boundary compo-
nents are shown in different colors.

Notation Let I' be a small type Coxeter graph (ie my < 3 for all s,¢) which is a tree.
Let S be an arbitrary orientable surface and ay,--- , a, be simple closed curves in .S whose
curve graph CG is isomorphic to I'. Let N be a closed regular neighborhood of U} ;a; in
S. It is very simple to check that the topological type of N is independent of S or {a;}? ,
and only depends on I'. This justifies using the notation Sr for N.. In particular, Sy,

respectively Sp ) shall henceforth denote a closed regular neighborhood of U, a;, where
( n g g =1

{a1,-+- ,an} is a collection of simple closed curves in S with curve graph A, (respectively
D,).
Theorem 4.2.1. Let n > 2 be an integer. If a collection {ai,--- ,a,} of simple closed

curves forms an n-chain in S (ie the a; have curve graph A, ), then
(i) Sa, is homeomorphic to S» 1 when n is even, and
(i) Sa, is homeomorphic to Sn_1 , when n is odd.

2 K

Proof. We proceed by induction on n to determine the number of boundary components
of S4,. The cases n = 2,3 are shown in figure 4.2. These constitute the base cases for
induction when n is even and odd.

Assume that [0S4,| = 1 for some even n > 4 . We shall use induction to prove

|05 4, 1| = 2. Then, we use [0S4,,,,| = 2 to show that |054, ,| = 1. In order to construct

n—+2 ‘
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dy

(a)

* Remove arcs q and d from bdry Sp n

(b) m_ )

+ Attach band to obtain S A
n+l

(c)

Figure 4.3: Constructing Sa,_, from S4, by attaching a band.

n+1

Sa, ., from Sy4,, we first remove the open arcs ¢; and d; from 054, as shown in figure 4.3(a).

n+1
What remains from 054, are the two disjoint closed red and blue arcs shown in figure 4.3(b).
Now attach the (n + 1)%¢ band to 9S4, \ {c1 Ud;} as in figure 4.3(c). It can be seen in

figure 4.3(c) that two colors suffice to trace the boundary of Sy Thus, [0S4,,,| = 2.

n+1°

& Remave arcs S and dzﬁ'orn bdry SA

. o T

* Attach band to obtain SA i

-—

Figure 4.4: Constructing S4 ., from S4_ ., by attaching a band.

n+2 n+1

To construct Sa,,, from Sy, .., first remove open arcs c2 and dz from 9S54, , as in

figure 4.4(a). What remains from 0S4, ,, are the two disjoint closed arcs in red and blue in

n+1
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figure 4.4(b). After attaching the (n + 2)"? band, one can see from figure 4.4(c) that only

one color suffices to trace the boundary of S Hence, [054, .| = 1.

n+2°

SA deformation retracts to the graph

Figure 4.5: S4, deformation retracts onto its embedded graph. As such, their Euler
characteristics are equal.

To determine the genus of S4,, note that it deformation retracts to the graph of fig-
ure 4.5. This graph has n — 1 vertices and 2(n — 1) edges. So its Euler characteristic

equals 1 — n. Since the Euler characteristic is homotopy type invariant, it follows that

x(S4,) = 1 —n. When n is even, 2 —2g — 1 = 1 —n implies g = §. When n is odd,

[y

2—-29—2=1-—nimplies g = "5-~. O

» OB - TP

&Remove arcs G and d3from bdry SAn 1

(@@@@‘@@@@3

Attach band to obtain SD

AT T

Figure 4.6: Constructing Sp, from S4, , by attaching a band.
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Theorem 4.2.2. Let n > 4 be an integer. If a collection {a1,--- ,a,} of simple closed

curves i S have curve graph D,,, then

(i) Sp, is homeomorphic to Sn—2 5 when n is even, and
2

(i1) Sp, is homeomorphic to Sn—1 ., when n is odd.
2 )

Proof. Assume that n is even. By theorem 4.2.1, the subsurface S4, , determined by
ai,- - ,an—1 has two boundary components. To construct Sp, from Sy, |, first remove the

open arcs c3 and d3 shown in figure 4.6(a). What remains from 0S4, , are the two closed

n—1

arcs in figure 4.6(b). Now attach the n'* band to obtain Sp,. As shown in figure 4.6(c),

three colors are needed to trace the boundary of Sp,. Hence, |0Sp, | = 3.

¢ Remove arcs <y and d from bdry SD

. O -

+ Attach band to obtain SD

(c)

Figure 4.7: Constructing Sp,,,, from Sp, by attaching a band.

Using the fact that |0Sp, | = 3 when n is even, we now show that |0Sp, .| = 2. To do
so, remove arcs ¢4 and dy from 0Sp, as shown in figure 4.7(a). What remains remains from
0Sp,, are the red and blue arcs and yellow simple closed curve shown in figure 4.7(b). Now

attach the (n + 1)% band to obtain Sp Figure 4.7 shows that Sp, ., has two boundary

n+1"°

components. Finally, the genus can be found using equation 4.1. O
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4.3 Surface associated with A’Zn—l

Consider the affine Coxeter graph A,,_1 defined in section 3.1. In this section, we will
associate to gn_l a compact orientable surface S and determine its topological type. S
is constructed as follows. For each i € {1,---,n}, associate to the vertex s; a compact
annulus A, and define S to be the union of the annuli As, modulo the relation ~ defined

as follows.

For each j € {1,---,n} such that m;; = 3, the relation ~ identifies a square in A,
with a square in As; so that two opposite sides of the identified square lie in 9A;, and the
other two opposite sides lie in dA;; (See Figure 4.8). If more than one j satisfy m;; = 3,
we stipulate that the identified squares are mutually disjoint. Note that each s; has two
neighboring vertices. More precisely, m;; = 3 for j congruent to i —1,7+1 modulo n. Hence

modulo n, A, is glued to both A, | and A at disjoint squares. We restrict to gluings

Si4+1

so that the above construction yields an orientable surface

S = (I As)/ =~

Pick an orientation on S. For each annulus As;, let a; = S 1, S be its core curve.
Choose an orientation for each a;, and consider the union U}"_;a;. This union can be viewed
as an embedded graph in the surface S. Denote this graph by £G, and note that it has n

vertices and 2n edges.

Denote the vertices and edges of £G by vy, ,v, and ef, el , -, el e respectively.

We label the vertices and edges of £G as follows.
e Modulo n, a; = e;“ Ue; .
e Modulo n, set v; = a; N a;41.

e Modulo n, set ef to be the edge of a; which starts at v;_; and ends at v;, with respect

to the orientation of a;.
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1 Si+1

F i1 A+

Figure 4.8: The annuli A;, , and A,, , are glued to the annulus Ay, at disjoint squares.

i4+1
e Modulo n, set e; to be the edge of a; which starts at v; and ends at v;_1, with respect

to the orientation of a;.
e The orientations of ej and e; are induced from a;.

For each i, consider the annulus A, in S. Recall that, modulo n, As, is glued to the

annuli A,, ; and A at two disjoint squares. By removing those squares from Ag,, the

1 Sit+1
closure of the complement is a disjoint union of two rectangles B;“ and B; . To distinguish
them, let B;f be such that B Ne;” # 0 and B; so that B; Ne; # (. Now, define Re;” and
Le;-F to be the segments of 8BiJr NS which are to the right and left of e;-F respectively, with
respect to the orientations of S and ej. Similarly, define Re;” and Le; to be the respective

segments of B, N dS which are to the right and left of e; (see figure 4.9 for illustration).

We shall call Re?, Le;r, Re;, and Le; boundary segments. Notice that
8S = U (Re U Lef U Re; U Le;)

As such, dS consists of 4n boundary segments. If we declare that each boundary segment
has length 1, then the union of all the boundary segments has length 4n. Since each
boundary component of S must close up, we shall refer to such components as boundary

cycles.
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Figure 4.9: This picture illustrates the edges of £G around the vertex v; when v; has

index +1 (left) and —1 (right). It also shows how to label the boundary segments around
the simple closed curves a; and a;4+1. Moreover, the proof of lemma 4.3.2 can be read out
from this figure.

Definition 4.3.1. A vertex v; of £G is said to have index +1 if, modulo n, a;+1 crosses
a; from left to right at v;. If a;11 crosses a; from right to left at v;, then v; is said to have

ndex —1.

If one starts at some boundary segment e € {Re:r,Le;r,Rei_,Lei_}, i=1,---,n, and
moves along a boundary path (with no backtracking), then the next boundary segment in
the path depends on whether the next occurring vertex has index +1 or —1. The following

lemma explains this fact.

Notation If e and f are two boundary segments in a boundary path of S , write e — f to

mean that f comes directly after e in the path.

Lemma 4.3.2. Start at the boundary segment e € {Ref,Le;r,Re;,Le;} for some i =

1,-+-,n and move towards the vertex v; (as opposed to v;_1) along a boundary path of S.

If v; has index +1, then

+ +
Re;” — Re/\,

+ —
Le/ — R€i+1

— +
Re; — LeiJrl

Le; — Legyy
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If v; has index —1, then

+ —
Re]” — L€i+1

+ +
Le] — Lei+1
Re; — Rejy,y

- +
Le; — ReiJrl

Proof. The proof can be read out directly from Figure 4.9. O

Note that if one starts at the edge e (from lemma 4.3.2) and heads towards v;, then the
following boundary segment will track an edge of a;+1. In this manner, the index of the

tracked segments always increases by one modulo n.

Consider the surface S := (1T, As,)/ ~ along with the core simple closed curves a; in
As,. Recall that v; = a; N a;4+1 modulo n. First, pick an orientation on a;. Next, orient as
so that v; has index +1. Then, orient a3 so that v, has index +1. Repeat this process for
all j =4,--- ,n—1. That is, orient a;11 such that v; has index +1. It remains to determine
the index v, = a, Naj. Since the orientation on a, was already chosen, we are not free to
choose the index of v,. This index is either +1 or —1 depending on how a,, intersects aj.
Based on this, there are two cases. In the first case, all the v; have index +1. In the second

case, v1,--- ,Up—1 all have index +1, whereas v, has index —1.

Definition 4.3.3. Let {a1, - ,a,} be a collection of simple closed curves in an orientable
surface S. Assume that the curve graph of the a; is gn,l and set v; = a; N a;11 modulo n,
i=1,---,n. We say that that the collection {a1,--- ,a,} is of type I if every v; has index

+1, and of type II if vi,--- ,v,_1 all have index +1 and v, has index —1.

Let N, denote a closed reqular neighborhood of Ui ,a;. We say that N, is of type I if

{ay, -+ ,an} is of type I and N, is of type II if {a1,--- ,a,} is of type II.

Theorem 4.3.4. Denote by b the number of boundary components of S. If n is odd, then
S is homeomorphic to Sn_1 5. If n is even and S is of type I, then S is homeomorphic to
2 b

Sn-2 ,. If n is even and S is of type 11, then S is homeomorphic to 5%72.
2
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Type I Type II

Figure 4.10: Collections of Type I and Type II.

Proof. Tt is easy to see that S deformation retracts to the graph £G. So, X(§ ) = x(€G).

x(5)=2-29-0
X(€G)=n—-2n=—-n

Hence, g = (n — b+ 2)/2. It remains to find b. Doing that involves two cases each of
which includes two sub cases. The two cases consider whether n (which is the number of

vertices v;) is odd or even. In turn, each sub case considers whether S is of type I or IL.
Case A. n is odd.
Case Al. S is of type L.

Start at RRe; , move towards vy, and then follow the boundary cycle. Lemma 4.3.2 gives

the following cycle C; of length 2n.

Rey Leér Reg e Le;ll —— Re,,

Le;' Rey

+ - +
Le), «—— Re,,_, Lej

Start Re{r, move towards vy, and then follow the boundary cycle. Lemma 4.3.2 gives the

following cycle Cs of length n.
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Ref Ref Res E Ret | —— Ref

Finally, start Le; , move towards v1, and then follow the boundary cycle. By lemma 4.3.2,

we have the following cycle C5 of length n.

Ley Ley Les . Le, , —— Le,

It is easy to see that Cy and C3 are distinct cycles. Since Cp, Ca, and Cs are boundary
cycles whose lengths add up to 4n, they are all the boundary cycles of S. So, b = 3.

Case A2. S is of type II.

Start at Ref, move towards v1, and then follow the boundary cycle. Lemma 4.3.2 gives the

following cycle C; of length 2n.

Ref Reg Rey e Re | —— Re;f

Le, «—— Le,_, Leg Ley «———— Le;

Start at Re], move towards v, and then follow the boundary cycle. By lemma 4.3.2, we

have the following cycle Cs of length n.

n

Rey Le; Reg e Le'

— Re
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Start at Lef, move towards vy, and then follow the boundary cycle. By lemma 4.3.2, we

have the following cycle C3 of length n.

Leir Rey Le}f e Re_

Clearly, the cycles Co and C3 are distinct. Since the C;, ¢ = 1,2,3 are boundary cycles
whose lengths add up to 4n, they must be all the boundary cycles of S. T herefore, b = 3
in this case as well. This concludes the case when n is odd.

So the are always three boundary components when n is odd. However, in Case A1, the
cycle containing Re; has length 2n and the other two cycles have length n. In Case A2,
the cycle containing Rej has length 2n.

Case B. n is even.
Case B1. S is of type L.
Start at Ref, move towards v, and then follow the boundary cycle. Lemma 4.3.2 gives

the following cycle C; of length n.

Ref Res Re} e Rel | —— Re

Start at Lef, move towards vy, and then follow the boundary cycle. By lemma 4.3.2, we

have the following cycle C5 of length n.

+ — + + -
Lej Re, Leg e Le, | —— Re,

o1



Start at Re], move towards v, and then follow the boundary cycle. By lemma 4.3.2, we

have the following cycle C3 of length n.

Rey Le; Reg cee Re_

Start at Le; , move towards vi, and then follow the boundary cycle. By lemma 4.3.2, we

have the following cycle Cy of length n.

Ley Lesy Les . Le, , —— Le

This produces four distinct boundary cycles C;, ¢ = 1,2, 3,4 each with length n. Since the
lengths of the C; add up to 4n, the ¢; must be all the boundary cycles of S. As such, the

number of boundary components b = 4.
Case B. n is even.

Case B2. S is of type 1L

Start at Ref, move towards v, and then follow the boundary cycle. Lemma 4.3.2 gives

the following cycle C; of length 2n.

Ref Rey Req e Rel | —— Re}

Le, «— Le, Leg Leqy «—— Le;

Start at Re] , move towards vi, and then follow the boundary cycle. By lemma 4.3.2, we
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have the following cycle C5 of length 2n.

Rey Ley Reg e Re, | —— Le}

Re, «— Le} | - Lej Rey

+
Lej

It is easy to check that C7 and Cy are distinct boundary cycles. Since the lengths of Cy
and Cy add up to 4n, they are all the boundary cycles of S. T herefore, b = 2.
Finally, putting in the appropriate value of b in g = (n — b+ 2)/2 gives the genus of S

in each case. ]

In the proof of theorem 4.3.4, it was proved that S has three connected components (or
cycles) when n is odd. Moreover, the proof shows that one of the cycles is distinguished in
the sense that it has length 2n, whereas each of the other two cycles has length n. Based on

this observation, we make the following definition. This definition will be used in section 7.7.

Definition 4.3.5. Let n > 3 be an odd integer and consider the surface S associated with
the Coxeter graph Zn_l. By theorem 4.3.4, S has three boundary components (or cycles)
of length n, n, and 2n. We say that a boundary component of S is distinguished if it has

length 2n.

Corollary 4.3.6. For all i, Re;-|r and Le;|r belong to different boundary cycles, and Re; and

Le; belong to different boundary cycles.

Proof. 1t suffices to show the corollary for ¢ = 1. From theorem 4.3.4, we can see that in
Case Al, Rey, Leir e Ch, Re? € Cy, and Le; € C3. In Case A2, ReT,Lel_ € C1, Re; € Cy,
and Lefr € (5. In Case B1 Re;r e C, Leir € (9, Re; € (3, and Le; € (4. Finally, in

Case B2, Ref, Le] € Cy and Rey, Lef € C. O

Corollary 4.3.7. S is not homeomorphic to the surface F' determined by the chord diagram
Of Avn_l .
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Proof. 1t is obvious that F' deformation retracts to a wedge of n circles. As such,

X(F)=1-n#-n=x(S)
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CHAPTER 5

EMBEDDING ARTIN GROUPS INTO MOD(S)

5.1 Geometric homomorphisms

In this section, we discuss a natural homomorphism which relates Artin groups to map-
ping class groups. It is a very useful tool in the sense that it acts as a bridge between

the two types of groups. It allows us to transfer interesting properties of Artin groups to

Mod(S).

Let A(I") be an Artin group of small type. That is, m;; < 3 for all 4, j. Let {a1,--- ,an}
be a collection of simple closed curves in S with curve graph I'. Since I' is of small type, no
two curves in the collection intersect more than once. There is a natural homomorphism
A(T') — Mod(S) mapping the standard generator o; of A(T") to the (left) Dehn twist T;
along a;. That this map is a homomorphism follows immediately from facts 1.3.7 and 1.3.8
and the definitions of a Coxeter graph and a curve graph.

In fact, it is easy to produce geometric homomorphisms from other Artin groups (not
necessarily of finite type) to Mod(S). Indeed, consider an arbitrary collection {a1,--- ,a,}
of simple closed curves in S with curve graph CG. Let I" be the graph obtained from CG by
replacing every edge label z;; > 2 with co. It is easy to check that the map A(I") — Mod(S)
sending the standard generators o; to the Dehn twists 7; along a; is a homomorphism. While
producing homomorphisms is straightforward, the question of whether such homomorphisms

are injective is quite hard.
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Definition 5.1.1. A homomorphism A(I') — Mod(S) is said to be geometric if it maps
the standard generators of A(T') to Dehn twists in Mod(S). Otherwise, the homomorphism

18 mon-geometric.

Building on the work of Birman and Hilden [2], Perron and Vannier established the

following useful result in [24]

Theorem 5.1.2 (Perron-Vannier). Let {a1,---,a,} be a collection of simple closed curves
in S and denote by T; the (left) Dehn twist along a;. Suppose that the curve graph CG of the
a; is of type T' = Ay, or Dy. If s;, i =1,--- ,n represent the standard generators of A(T),

then the geometric homomorphism g : A(T') — Mod(Sr) defined by s; — T; is injective.

5.2 Least common multiple lemma

Before finding explicit embeddings of Artin groups into Mod(S), we prove a crucial
lemma. This lemma determines the least common multiple of a finite set of mutually

commuting (standard) generators in a finite type Artin monoid.

Lemma 5.2.1. Let (W,S) be a finite type Coxeter system with Cozeter graph I'. If T =
{t1, -+ ,tx} is a subset of S consisting of pairwise commuting generators, then the least

common multiple ,Ar, of T in A*(T) exists and is given by to(1yts(2) - to(k), 0 € Lk

Proof. Set o = tite---ti. Since the t; pairwise commute, « is a common multiple of 7.
Suppose that 3 is another common multiple of 7. Then for each i =1,--- ,k, 3z; € AT(T)
such that § = t;z;. In particular, ty21 = tjz; for all j; € {2,--- ,k}. By lemma 3.1.2
(reduction lemma), 3 Wi, € AT(T') such that z1 = ¢;, Wy, for all j; (note that we used
the assumption my,¢; = 2). In particular, t2Wio = t;, Wi, for all jo € {3,---,k}. By
the reduction lemma, 3 Wigj, € AT(T') such that Wiy = tj,Wig;, for all jo. In particular,
tsWhag = tj,Whaj, for all j3 € {4,--- ,k}. By the reduction lemma, 3 Wia3;, € AT(T") such
that Wiz = tj,Wia3j, for all j3. Repeating the same process, one gets Wia..., = t;, Wia...j,

for all j, € {r+1,--- ,k}, where r € {4,--- ,k}. In particular, when j; =2, jo =3, jz =4
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and j, =r+1 for all r € {4,--- , k}, the following equalities hold in AT (T):

r1 = taWia

Wis = t3Wia3

Wias = taWiasa

Wis.k—1 = teWiz.k
Hence, ﬁ = tl.’El = tthWm = t1t2t3W123 = = tltz R -tka...k = Oleg...k. Therefore,
alf and Ar = a. O

5.3 Embedding A(B,) into Mod(S)

We use the LCM-homomorphisms induced by foldings and the geometric homomorphism
to give two non-geometric embeddings of A(B,,) into the mapping class groups Mod(S4,, ,)
and Mod(Sp,.,)-

Theorem 5.3.1. Let n > 3 be an integer. Suppose that curves vy, vh, -+ vl _o,v1,v2,v3, 0 _,
O - vl form a (2n—1)-chain in Sy, | (recall that Sa,, _, is a closed regular neighbor-

hood of the union of these curves). Then the curve graph is

Agppi1 = 6—o—

/ / / / " I 14 "
(%] (2 Uz Up_o V1 v2 U3 Up_o Vg (2 vy

If T;, T!, and T!" denote the respective (left) Dehn twists along v;, v,

i, and v}, then the

subgroup G of Mod(Sa,, ,) generated by the set {T;T/, T1\T3, T | j = 1,---,n — 2} is
isomorphic to A(By). More precisely, if we set o; = T;T} forj =1,--- ,n=2, o1 = 11T,

and o, = Ts, then

G = <0’1,~-- ,O’n‘ 0j0j4+105 = 041050541 fOT’ j: 1,-~- ,n—2

ojor = 00 for |j —k| > 2, 0p_10,0n—10n = 0nOn—1030n—1)
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Figure 5.1: This picture illustrates theorem 5.3.1 when n = 4. By theorem 4.2.1, Sy, is
homeomorphic to Ss 2. The subgroup of Mod(Ss2) generated by T7TY, T3Ty, T1T5 and
T5 is isomorphic to A(By).

Proof. As shown in example 4 of section 3.4, the (As, +e¢) folding of Ag,—1 onto B,, induces

the LCM-homomorphism
o' AT(B,) — AT (A, 1)
55— Af—l(sj)7 j=1---,n—-2
Sn—1+ Dpi(s, )
Sn > Afoisy)

By Lemma 5.2.1, Aj-1(,,) = v2, Ap-1(s, ;) = v1v3, and Aj-1(,) = vjv;. By Theorem
3.2.3, ¢/ induces an embedding ¢ : A(B,) — A(As,_1). Theorem 5.1.2 implies that
the geometric homomorphism ¢ : A(Agp—1) — Mod(S4,, ,) is injective. Hence, g o ¢ is
an isomorphism of A(B,) onto its image. This image is the subgroup of Mod(Sa4,, ,)

generated by {12, T\ T3, T;T} | j=1,--- ,n—2}. O

Theorem 5.3.2. Let n > 3 be an integer. Suppose that curves xy,z, -+ &) _o 21,29, 23

z3
D1 ] 7 o X
ry Iy T3 Tpg 2

I
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Figure 5.2: This picture illustrates theorem 5.3.2 when n = 4. By theorem 4.2.2, Sp, is
homeomorphic to Sz 2. The subgroup of Mod(S2,2) generated by T, Ty, Tz, and ThT5 is
isomorphic to A(By).

If T; and T} represent the respective (left) Dehn twists along x; and z}, then the subgroup
G of Mod(Sp,.,) generated by the set {TJ{,TQ,Tng | g =1,---,n—2} is isomorphic to

A(By,). Specifically, if we set o = T]’ forj=1,--- n—2, 0p_1="1Ts, and o, = T\T3, then

G = (o1, 00| 0j0j1105 = 0541050541 for j=1,--- ,n—2

ojo = 005 for |j —k| > 2, 0p_10,0n—10n = 0n0n—1010n—1)

Proof. Tt follows from example 4 of section 3.4 that the (As, —¢) folding of D,,4+1 onto B,

induces the LCM-homomorphism
o' AT(B,) — AT (Dpy1)
Sp Affl(sn) = T1x3

St 2 Bpi(s,m0) = 2

sj Dpoigy=a5, j=1,,n—2

¢7 induces a monomorphism ¢ between the corresponding Artin groups. Since the geometric
homomorphism g : A(Dy41) — Mod(Sp,,,) is injective, go ¢ : A(B,) — G is a geometric

isomorphism. As such, G has the desired presentation. O
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5.4 Embedding A(Hj3) into Mod(S)

Theorem 5.4.1. Suppose that curves ai,--- ,a¢ in Sp, = S2.3 have curve graph

ae

Dg
ap  ax a3 aq

as

Then the subgroup G of Mod(S23) generated by Ty T3, ToTy, and T5Ts is isomorphic to the

Artin group A(Hs). More precisely, if we set o1 = 1113, 0o = ToTy, and o3 = T5Tg, then

G = <0-1;O-270'3| 0102010201 = 0201020102 ,0103 = 0301 , 020302 = 0302U3>

Figure 5.3: This picture illustrates theorem 5.4.1. By theorem 4.2.2, Sp, has topological
type S2,3. The subgroup of Mod(S23) generated by 1175, ToTy, and T5Tg is isomorphic
to .A(Hg)

Proof. As seen in example 5 section 3.4, the (Ay4,¢€) folding of Dg onto Hs induces the

LCM-homomorphism
¢7 + A*(Hs) — A*(De)
s Ap1i) = ar1a3
t— qu(t) = aoQq
u = Ap1gy) = asagp

The composition g o ¢ of the induced Artin group homomorphism ¢ : A(Hs) — A(Dg) and

the geometric homomorphism g : A(Dg) — Mod(S23) gives the desired isomorphism. [
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5.5 A(A,_1) as a subgroup of Mod(S)

In this section, we study isomorphic images of the affine Artin group A(A,_1) in
Mod(S). First, we find a geometric embedding of A(A,_1) into Mod(Sy4,). From this,
we obtain a geometric embedding of A(A,_1) into Mod(S), where S is the surface de-
fined in section 4.3. Next, we prove a fundamental lemma (lemma 5.5.3) which states
that given two collections {ay,- - ,a,} and {a},--- ,al} of simple closed curves with curve
graphs A,,_1, the subgroups G of Mod(N,) and G’ of Mod(N') generated by {T;} and {1/},
i =1, -+ ,n respectively, are isomorphic provided that the closed regular neighborhoods N,
of U a; and N, of U™ al are homeomorphic. We illustrate the fundamental lemma with
the specific example when n = 3. Finally, we prove that a subgroup of M od(§ ) generated

by Dehn twists along simple closed curves with curve graph Ay is isomorphic to A(Zn,l),

whenever n is odd or n is even and S is of type 1L

Theorem 5.5.1. Consider a chain by,--- ,b, of simple closed curves in an orientable sur-
face S and denote by Ny, a closed regular neighborhood of Ul 1b;. Let T; be the (left) Dehn

twist along b; and set o = T¢Ty -+ - Ty, —1(bn). If.A(;an,l) has standard generators o1, -+ ,0p,

then the homomorphism ¢ : A(An,—1) — Mod(Ny) defined by

gj = j+1;j:17"' yn—1
on — T,
is a geometric embedding. Moreover, the collection {ba,--- ,by,a} has curve graph gn,l.

Proof. The classical braid group B,y1 on n + 1 strands is isomorphic to the Artin group
A(A;). The isomorphism A(A,) = B, is given by mapping the standard generator v; to
the braid where the i*" strand crosses over the (i +1)%t. For simplicity, we shall denote this

braid (ie the image of ~;) by 7; as well.

A(An) = (v1, - s | YiYis1 Vi = Ve ViYie1, Yy = V% of i —J] > 2)
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1 2 3 i-1 i i+1 n+1

/

- al

Figure 5.4: a; is a generator of D,,11. In terms of the standard generators of B,41,
aj =71 Y2 e

Since Dy, 11 is a subgroup of By,11, the generators of D, 1 can be expressed in terms of the
standard generators 71, -+ ,vn of Byt1. Dpt1 is generated by 2, -+ , v, and ag, - - , pt1

(see section 2.3). The inclusion monmomorphism is : Dy 41 < By,41 is given by
Y=y fori=2---.n
as =7
aj = (yj—2--72n) (i yem) for j=3,--- n+1
The inverse @~ : CB,, — D,,.1 of the isomorphism ® is given by:
Op—i— vy fori=2---n

On—1 > (agy2 ) ynlazy2 - yn) !

T (agy2 - )
(On—2--00m) " = ay
(Cnt1)—j* On2)(On—20n—3 - 00T) " (O(nt1y_j* On—2) "' > a;
forj=3,---,n+1
Note that the b; have curve graph A,. Hence, N; is homeomorphic to Sy, , which

by theorem 4.2.1 has topological type S%l when n is even and Sn—1, when n is odd.
7
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By theorem 5.1.2 (Perron-Vannier) , the homomorphism ¢ : A(Ay,) — Mod(Ny) given by
~; — T; is injective. As such, the following composition of monomorphisms gives an explicit
geometric embedding of A(A,_1) into Mod(Ny). Recall that N is the normal subgroup of
CB,, generated by o, ,0,-1 (see section 2.3). It was shown in section 2.3 that N and

A(Ap—1) are isomorphic.
N OBy % Doy & Byt < Mod(Ny)

Jn—izan—i'_)rinVi'_)jjiv2227"'7n

-1

On-1=0n-1 — (@272 Yn)¥n(@2y2 - )~ = V2 Y1t e L

-1 —1p—2
T12T2 Ty T, Ty VT2 = TTETZ"'Tnfl(bn)

Set ¢ := goiso® !oi4;. The map ¢ is a geometric embedding, and so ¢(N) is a
subgroup of Mod(Ny) which is isomorphic to A(A,_1). This subgroup is generated by the

(left) Dehn twists along the curves by, - - - , by, and a = T¢Ty - - - Tp,—1(by)-

It remains to show that {ba,--- ,b,,a} has curve graph A,_1. Since ¢ is a geometric

homomorphism, it follows that

T, 1,1, = T,T,T,
ToT Ty = T, ToT,
LT T = T T fori=2,---,n—1
T;T; = T;T; for |i — j| > 2
T, 1, =TT, fork=3,--- ,n—1

By facts 1.3.7 and 1.3.8, the curve graph associated with the curves bs,--- ,b, and « is

isomorphic to gn_l . ]

Denote by S’ a closed regular neighborhood of (U?:2bj) U . Hence, S’ is a subsurface
of Ny which is homeomorphic to S. In proposition 5.5.2, we show that the subgroup of
Mod(S") generated by {Ty,--- , T, Ta} is isomorphic to A(A,_).
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Proposition 5.5.2. Let G be the subgroup of Mod(S") generated by To,--- ,T,, and T,.
Then G =2 A(A,_1).

Proof. The inclusion of S’ as a subsurface of N, induces the natural homomorphism i, :
Mod(S") — Mod(Ny) defined by extending by the identity of the compliment. It is immedi-
ate from the definition of i, that i,(G) is the subgroup of Mod(Ny) generated by T1, -+, T,.

By theorem 5.5.1 i.(G) = A(A,—1).

Denote the restriction of i, to G by i, as well. This restriction yields an epimorphism
isx : G — i.(G). Define h : i,(G) — G by h(T;) = T;. Since the images of all the defining
relations in i, (G) are satisfied in G, h is well-defined map which is clearly a homomorphism.
Since the T; generate G, h is surjective. Since hoi, = 1g and ixoh =1, (g), h = (i)~ L

Therefore, G = A(A,_1). O

Proposition 5.5.2 provides a collection C = {ba,--- , by, a} of simple closed curves in S
such that C has curve graph A, 1, and the subgroup of Mod(S) generated by the (left)

Dehn twists T5, -+, T, and T, is isomorphic to A(Zn_l).

Lemma 5.5.3. Let S be an orientable surface, and consider two collections {ay, - ,an}

and {a},--- ,al,} of simple closed curves in S with curve graphs gn_l. Modulo n, set

vi = a; Naiy1, © = 1,---,n (respectively v; = aj N aj ), and let T; (respectively T;)

represent the (left) Dehn twist along a; (respectively a}). Denote by N, and N/ closed
n

regular neighborhoods of UM a; and U'_,a) respectively. Denote by G and G’ the respective

subgroups of Mod(Ng) and Mod(N!) that are generated by Ty,--- , T, and T7,--- ,T),

v
(i) If N, is homeomorphic to N) and they have the same type (see definition 4.3.3), then
there exists an orientation preserving homeomorphism ]7: Ny — N/ such that f(ai) = al.

(#i) If N, is homeomorphic to N! and they have distinct types, then there exists an orien-
tation preserving homeomorphism f: Ny, — N/ such that f~’(ai) = a, when i is even and

fla;) = (al)™1 when i is odd.

1

In both cases, f induces an isomorphism G = G’ given by T; — T.
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Proof. First assume that n is odd. There are three cases to consider:

1. N, and N/ are both of type I.
2. N, and N/ are both of type II.
3. N, is of type I and N/ is of type II.

By theorem 4.3.4, N, and N/ are homeomorphic in all three cases. We must find an
orientation preserving homeomorphism f : N, — N! satisfying f(ai) = a;. To do that, we

first define a homeomorphism f : 9N, — ON/, then extend it to obtain f

In the first two cases, let f : 9N, — IN/, be a homeomorphism which maps each segment
in N, to its analogous segment in ON.. That is, Rej — R(e;) and Lef + L(ef)’ for
all i = 1,--- ,n. Note that the boundary segments match in the sense that f(Reii) and
f(Let) always track the edge (¢f) in £G' = UP_,al. This allows us to extend f to the
rectangles B;r and B, defined in section 4.3. Also notice that whenever two boundary
segments in 0N, intersect at one point, their images under f intersect at one point as
well. This together with the sides matching allow us to extend f to a homeomorphism on

a regular neighborhood of dN,. To see this, consider any eight boundary segments 3;, 3.,

Figure 5.5: The homeomorphism f : 9N, — ON. maps matching segments to matching
segments and intersecting segments to intersecting segments. This allows us to extend f
to a homeomorphism f on a regular neighborhood of ON,.

i =1,2,3,4, around an identified square in N, so that, for each i, 3; and 3! track an edge

in £§ = U a;, and for each pair {51, B2}, {05, B3}, {55, B}, {54, 81} the two segments
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intersect at one point (see figure 5.5). Since 4 and (3] track an edge in £G, f(51) and f(5])
track an edge in £G’. Since 81 and (2 intersect at one point, so must f(3;) and f(32).
Since B2 and )} track an edge in £G, f(B2) and f(35) track an edge in £G’. Since ) and 3
intersect at one point, so must f(35) and f(f83). Since B3 and 35 track an edge in £G, f(f53)
and f(B%) track an edge in £G’. Since () and (4 intersect at one point, so must f(5%) and
f(B4). Since B4 and 3} track an edge in £G, f(54) and f(3)) track an edge in £G’. Finally,
f(8)) and f(f1) intersect at one point since ) and (1 do. As such, one can extend f to a
regular neighborhood of UL, (3; U 3.

So far, we have extended f : ON, — N/ to all the rectangles B,ft and to a regular
neighborhood of dN,. What remains is a disjoint union of disks. Extend f uniquely on
those disks, and therefore on all of N,. Now that we have a homeomorphism f: N, — N/,
orient N/ so that fis orientation preserving. To assure that this happens, simply pick the
appropriate orientation on N,.

f induces a homeomorphism £G — £G’ between the embedded graphs. This homeo-

morphism is given by:

EG > ef — (ej)' c &G’
EGoe — (e;) €&

Since a; = e; Ue; and a] = (e) U (e; ), flag) = a; foreachi=1,--- ,n.

The third case is much more interesting. We would like to map 9N, to IN. so that
the images of matching boundary segments in dN, match in ON.. Moreover, whenever
two boundary segments intersect at one point in ON,, we want the corresponding image
segments to do the same.

Consider the distinguished boundary cycle C of N, and the distinguished boundary
cycle C] of ON/. Each of those cycles has length 2n. As seen in the proof of theorem 4.3.4,
C) starts with Re] while C] begins with R(e])’. Map Re; in C; to R(ef) in C]. One
must then map Le] (in C3) (see proof of theorem 4.3.4) to L(ef) (in C}) so that the

boundary segments in the image match. Now map the second segment Le§r in C; to the
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second segment R(ef )’ in C}. Then, Rej (in Cy) must map to L(eg)’ (in C3). Continue this

process while following all the segments of C;. This gives a homeomorphism f : dN, — IN,,

defined by
R(ef) when i is odd
Re; —
L(e; )’ when i is even
L(e;) when i is odd
Lei+ — (i)

R(e) when i is even

{ R(e; ) when i is odd

Ref
L(ef)’ when i is even
L(ef)’ when i is odd
Le; —
R(e; )’ when i is even

It can be easily checked that the boundary segments match and whenever two boundary
segments intersect at one point, their corresponding images under f intersect at one point
as well. So, f extends to a homeomorphism f: N, — N/. Pick the appropriate orientation
on N/ so that fis orientation preserving. finduces a homeomorphism £G — £G’ between
the embedded graphs £G = U ;a; and £G’ = U, a;. This induced homeomorphism is
(ef)’ when i is odd

e, —
(e;)) when i is even

(e; ) when i is odd
€.
(ef)" when i is even

In particular, f(a;) = a} when i is even and f(a;) = (a})~! when i is odd.

Now assume that n is even. By theorem 4.3.4, N, (and N/) is homeomorphic to either
Sn_2 4 Or 5’%72. Assuming that N, and N/, have the same topological type, define f : ON, —
2 b
ION/ by
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ON, > Ref — R(ef) € ON.,
ON, > Lef v L(ef) € ON,

Since the boundary segments match and the intersection between the boundary segments are
preserved, f extends to a homeomorphism f: N, — N/. Choose the suitable orientation on
N! so that fis an orientation preserving. finduces a homeomorphism £G — £G’ between

the graphs £G = U ;a; and £G" = U"_,al, given by:

EG3ef () € &G
EGoe — (e;) &G

In particular, f(a;) = a} for each i =1,--- ,n. H

Example. We illustrate theorem 5.5.3 when n = 3, N, is of type I, and N/ is of type II.
By theorem 4.3.4, N, has three boundary cycles Cy, Co, C3 of lengths 6, 3, and 3. Cy, Cs,

and C'3 are given by

Rey Leg Reg
Les Rey Lef
Ref Res Ref
Ley Ley Leg

\_/

respectively. Figure 5.6 shows C; (in blue), Cy (in red), and C3 (in yellow). N/ has three

boundary cycles C1, C%, C4 of lengths 6, 3, and 3 as well. These cycles have respective
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Figure 5.6: N, is of type L.

colors blue, red, and yellow in figure 5.7. Moreover, C}, C5, and Cj are given by
R(ef) —— R(ey) —— Rlez)'
L(eg) ——— L(ey)" ——— L(ey)’

R(ey) — L(e3) —— R(ez)’

L(ef) —— R(ey) —— L(ef)’

The homeomorphism f : N, — ON/, defined by

ON, > Rey — R(ef) € ON/,
ON, > Lef — R(e3) € ON/,
+Y/

3

ONg > Resg — R(eg) € ON,
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Figure 5.7: N/ is of type IIL.

ONg > Lef — L(e]) € ON,,
ION, 3 Rey +— L(e;) € ON},
ON, > Led +— L(ez)' € ON,,
ONg > Le] — L(ef) € ON,,
ON, > Ref — L(eg) € ON/,
ON, > Leg +— L(ef)' € ON,,
ON, > Rel — R(ey) € ON,,
IN, 3 Le; — R(e;) € N},
ON, > Rej — R(e3) € ON/,

extends to a homeomorphism f : N, — N/ such that f(a;) = a; (with no orientation).
Therefore, finduces an isomorphism G = G’ between the subgroup G < Mod(N,) gener-
ated by the Dehn twists T; along a;, i = 1,2,3 and the subgroup G’ < Mod(N!) generated

by the Dehn twists T7.

Theorem 5.5.4. Consider a collection {ai,--- ,a,} of simple closed curves in some ori-

entable surface S, and assume that the a; have curve graph En_l. Let N, be a closed
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regqular neighborhood of Ui a;. Then, N, is homeomorphic to the surface S constructed in
section 4.3. By theorem 4.3.4, S has topological type SnT—173 when n is odd, and either 5%72
or SanA when n is even. Assume that N, is homeomorphic only to Sanl73 or S%’g. If T;
represents the left Dehn twist along a; and G denotes the subgroup of Mod(N,) generated
by 11, --- ,T,, then

G = (Th, -, T,| T;Tin T = Tii TiTiv1 mod(n) for i=1,---,n

TTy = TyT, for |i— j| # 1,n — 1)

In particular, A(Zn_l) > G via the geometric homomorphism which maps the standard

generator o; of A(ﬁn_l) to T;.

Proof. When n is odd, N, is a well-defined surface, which is homeomorphic to S n-1 3, by the-
orem 4.3.4. Let {c1, -+ ,c,} and {c], -+ , ¢, } be arbitrary collections of simple closed curves
in S, with curve graphs Ap_1. A closed regular neighborhood N, of U}"_;¢; is homeomorphic
to a closed regular neighborhood N/ of U} ;¢/. By lemma 5.5.3, there is an orientation-
preserving homeomorphism f : N, — N/ such that f(¢;) = ¢,. If 7, -+, 7,, represent the left
Dehn twists along ¢1,- -+, ¢, and 74, -, 7, represent the left Dehn twists along ¢/, -, ¢},
then f induces an isomorphism between the subgroup of Mod(N,.) generated by the 7; and
that of Mod(N]) generated by the 7/. As such, for any configuration of ¢y, - - - , ¢,, with curve
graph gn_l, the subgroup of Mod(N,) generated by the Dehn twists 71, -« , 7, is unique up
to isomorphism. Due to this uniqueness, we may assume choose the closed curves ay,--- ,a,
(in the hypothesis) as follows. Pick an arbitrary n-chain by, --- , b, of simple closed curves
in S, then set a; = bj4q for j =1,---,n—1 and a, = Tb21Tb2-~~Tbn_1(bn), where Ty, is
the left Dehn twist along b;. The curves a;, ¢ = 1,--- ,n are illustrated in Figure 5.8. Note
that since a; = bj41, fact 1.3.2 implies Tj = T}, , (recall T} is the left Dehn twist along a;).
Let T}, be the left Dehn twist along a,. By theorem 5.5.1, the a; have curve graph ﬁn_l.

Moreover, proposition 5.5.2 gives A(An_l) > (G via the geometric homomorphism o; — T;.

When n is even, N, is either homeomorphic to S% 9 or Sn—2,. By hypothesis, we
b 2 P)
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n odd

Figure 5.8: The collection {a1, - ,a,} (n odd) has curve graph A,_1. The a; are shown
in the surface IV, which is homeomorphic to a closed regular neighborhood of U}, a;.
According to theorem 5.5.4, the subgroup G of Mod(N,) generated by the Dehn twists T;
along a; is isomorphic to A(gn,l).

only consider the case when N, has topological type 5%72. Consider an arbitrary collec-
tion {c1, -, ¢y} of simple closed curves in S with curve graph gn_l. If a closed regular
neighborhood N, of U}, ¢; is homeomorphic to 5%72, it follows from lemma 5.5.3 that the
subgroup of Mod(N,) generated by the left Dehn twists 71, - - - , 7, along ¢1, - -+ , ¢, is unique
up to isomorphism. Hence, without loss of generality, the collection a1, -- ,a, in the hy-
pothesis may be chosen by picking an arbitrary n-chain by, --- , b, of simple closed curves
in S, then setting a; = bjyq for j =1,---,n =1 and ap = T2 Ty, - - Ty, _, (bn), where Ty,
denotes the left Dehn twist along b;. The curves a;, 7 = 1,--- ,n are illustrated in figure 5.9.
Let T, be the left Dehn twist along a,, and recall that N, denotes a closed regular neigh-
borhood of U ;a;. By theorem 5.5.1, the a; have curve graph gn_l. Moreover, it is easy
to check that the embedded graph U}_;a; is homeomorphic to ngg. By proposition 5.5.2,
the subgroup G of Mod(N,) generated by Ti,---,T, has the desired presentation and is

isomorphic to A(A,—1) via the geometric homomorphism o; — Tj. d

We remark that when S is a subsurface of S such that no component of the closure of S\§
is an exterior cylinder or a disk with less than two punctures, it follows from corollary 1.5.3
that i, : Mod(S) — Mod(S) in injective. Hence, T1,--- ,T), generate A(A,_1) in Mod(S).

Finally, note that the case when n is even and S is of type I is excluded from theo-

rem 5.5.4. This is simply because we are not able to find a geometric embedding from CB,,
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n even

Figure 5.9: The collection {ay,---,a,} (n even) has curve graph A,_1. The a; are
shown in the surface which is homeomorphic to a closed regular neighborhood of Ui a;.
By theorem 5.5.4, G = A(A,,_1).

into Mod(S) so that N, has type I. Nevertheless, we do make the following conjecture:

Conjecture 5.5.5. Theorem 5.5.4 holds when n is even and S is of type 1.
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CHAPTER 6

ARTIN RELATIONS IN MOD(S)

In this chapter, we first define the Artin relation of length [. Then, we find elements in
Mod(S) satisfying such a relation for every positive integer [. In certain cases, the elements
we find generate an Artin group of type I5(1). These cases provide embeddings of A(I2(1))
into Mod(S).

In section 6.1, we find elements x and y in Mod(S) satisfying Artin relations of every
even length [ > 8 (see theorem 6.1.1). In section 6.2, we find Artin relations of every odd
length [ > 3 in Mod(S) (see theorem 6.2.1). Finally, in section 6.3, we use foldings to
produce more Artin relations in Mod(S). Theorem 6.3.1 produces Artin relations of every
length | > 3, and theorem 6.3.2 produces Artin relations of every even length [ > 6. In

theorems 6.3.1 and 6.3.2, x and y generate the Artin group A(I2(1)) in Mod(S).

Definition 6.0.6. If[l > 2 is an integer, we say that elements a and b in a group G satisfy

the Artin relation of length 1 (or the l-Artin relation) if prod(a,b;l) = prod(b,a;l), where

prod(a,b;l) = aba - - -
l

6.1 Artin relations of even length

In this section we find Artin relations of even lengths. If n is a positive integer multiple

of 2k + 4, k > 2, we find elements x and y in the mapping class group of some appropriate
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Figure 6.1: The curves ag, - - - , ax form a chain of length k+1. f x =Ty and y = T} - - - Ty,
then prod(z,y; 2k + 4) = prod(y, x; 2k + 4).

orientable surface, so that prod(z,y;n) = prod(y,z;n). By appropriate orientable surface,

we mean one with large enough genus to accommodate a chain of £ + 1 curves.

Theorem 6.1.1. Let k > 2 be an integer. Suppose ag,ai,--- ,ax form a chain of simple
closed curves in an orientable surface S. If v = Ty and y = Ty --- Ty, then prod(z,y;l) =

prod(y,z;1) < 1 = 0(mod(2k + 4)).

Proof. In the proof, we shall only cancel on the left. Right cancellations are intentionally
ignored. This simplifies the proof, as it allows us to start a new computation by using the

result from the previous one. Throughout the proof, we shall use facts 1.3.7 and 1.3.8.

xy:yx©T0T1-~Tk = N1, ---TTy

STyl - T, = TITyly---Ty

Since i(ag,a1) = 1, TyT1 # T1To. As such, the last equality on the right hand side (RHS)

does not hold.

We now describe a method that will be used later without further explicit mention.
The equation zy = yx above does not hold. However, the algebraic manipulations for the

equivalence of zy = ya with the last equation above do hold. Next, we multiply these
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equations by x and y on the right accordingly. The computations above imply:

xyr =yzry < (ToTy - Tp)To = ThToTa- - Tp(Ty-- - Ty)
S (W) To - Ty, = NIy I3T0T4T3 - - LT 1 Tipa T - - -
Ty T2 (T Ti—1Tk)
< NIy Ty = NI TYTWT3TTyTs - TiT; AT Ty -
(The—1T—2T—1) T Th—1
< NIy T, = NIyNWITyTWI3TTyT3 - LT Ty T - -
T 3Ty 1Tk 2TiTy 1
< NiTyhTy---T, = NToyTIT3Ty - - TRTh 1215 - - T 9Tk 1

1 = Ty---Tp g

Since T - - - T—1(a2) = ag or T1(az), the last equation of RHS does not hold.

Using the above equivalences of xyx = yxy, and only left cancellation, we do the fol-

lowing for (zy)? = (yx)?2.

(xzy)? = (yz) e T TpesTy = Ti- Ti1To

T, = Ty

Since k£ > 2 by assumption, the last equality of RHS is obviously not true.

(zy)’z = (ya)’y & T Ty = ToTi-- Ty
s Tyl = Tl ---Ty

Ty, = Tv--- Ty

Since 1 # Ty ---Ti—1 (see above), the last equality of RHS does not hold.
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T Tho(TiThTy) = Ti---TrTo

ST Ty Ty 1\ TETy—y = T1---TTo

& Ty = To

Since k > 2 by assumption, T_1 # Tp.

(zy)*r = (y2)’y & Tho1To = ToTi - Tk

If k =2, then (zy)%z = (yx)3y & T1To = ToT1Ts. Otherwise, k > 3. In this case,

(zy)*r = (y2)’y & Th 1Ty = ToTi--- Tk

< ToTk—1 = ToTy---Ty

Since i(ag-1,ar) = 1, Tx1Tk(ar—1) = ay.

that Ty # Thv---T) when k > 2. Moreover, T1Tp(a1) = ag # as

T\Ty # ToT\ Ts.

Hence, Tj - - - Ty (ag—1)

= ap # ap_1 implies

= T()TlTQ(al) implies

When k = 2, it follows from the previous equivalence that (zy)* = (yz)* & TITyT1Ts =

ToThToTy < ToTh ToTe = ToyT1ToT,, which is obviously true. This shows that prod(z, y; 2k +

4) = prod(y, z; 2k + 4) for k = 2 (in this case x = Ty and y = T175). When k > 2, we have:

(zy)* = (o)t & Tho 1 T1 - T 2T 1 T,

< Ty Tk 3Ty 2Ty 1Tk 2Tk

STy Ty 3T 9Tk 1Tk T2

which is obviously false because k > 2.
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To prove the theorem in general, we make the following claims :

Claim 6.1.2. Let k and i be positive integers such that k > 2 and 3 < i < k-+1. Then, for

all i, prod(z,y;2i — 1) = prod(y,x;2i — 1) < Tp_j13 =Ty T}.

Claim 6.1.3. Let k and i be positive integers such that k > 2 and 3 < i < k+1. Then, for

all i, prod(z,y;2i) = prod(y, x;2i) < Tg_iro = To.

To prove claim 6.1.2, we proceed by induction on i. The base case, ¢ = 3, has been
proven above. Assume, by induction, that claim 6.1.2 holds for some i € {3,--- /k}. We

would like to show claim 6.1.2 holds for ¢ + 1. That is, we need to prove:

prod(x,y;2i+ 1) = prod(y, x;2i + 1) < Th—(it1)+3 = Th-- Tk

STy o = T1---Ty

Assuming claim 6.1.2 for ¢ implies that prod(z,y; 2i) = prod(y, x; 2i)

S Tp—ivsTh Tp—iv2Th—ivs Tk = T1-+-Tg—ir2- T To

ST (Th—ip3Th—iv2Th—iy3) - Tp = Ti---Th_jyo---TiTo

& Tp—ivoTh—it3Th—iv2Tk—iva Tk = Tg—it2--TrTo
S Ti—iva - TipTk—ivo = Trp—iv2---TiTo
Ty—iv2 = To
To justify the above calculation, note that the i under consideration belongs to {3,--- , k}.

Since k > 2, it follows that k —i+3 € {3,--- ,k}. As such, [Tx_;13,71] = 1. In particular,
this shows that claim 6.1.2 for some positive integer ¢, 3 < ¢ < k+ 1 and k£ > 2, implies

claim 6.1.3 for that i. Given the equivalence prod(z,y;2i) = prod(y, z;2i) < Ty_i+o = To,
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then

prod(z,y; 2i + 1) = prod(y, z;2i + 1) & Ty 2Ty = ToTy--- Tk
< ToTk—iv2 = ToTy---Tj

S Th—iyo = T1---Ty

The above calculation is justified because k —i+2 € {2,--- ,k—1}, and so [Tj_;12,Tp] = 1.

This concludes the proof of claim 6.1.2.

By the above remark, the proof of claim 6.1.3 follows immediately from claim 6.1.2 and

its proof.

Now we prove theorem 6.1.1. Assume [ = 0(mod(2k + 4)). As prod(z,y;2k + 4) =
prod(y, z; 2k + 4) = prod(z,y; q(2k + 4)) = prod(y, z; ¢(2k + 4)) for all positive integers ¢,

it suffices to show prod(z,y; 2k + 4) = prod(y, x; 2k + 4). By claim 6.1.3, we have:

prod(x,y; 2k +2) = prod(y,z;2k +2) &
Tp kin42 = To<=
T = Ty

which is not true. Given this, then

prod(x,y; 2k + 3) = prod(y,z; 2k + 3) & Th'ly, = ToTy---Ty

Since TlTo(al) = Qg 7& ag = TOTl ce Tk(al), T1T0 7& TOT1 s Tk Finally,

prod(z,y; 2k + 4) = prod(y, z; 2k + 4) < (YToTh) - T = ToT1---TxTo

s TohTy---T, = TohhTy--- Ty

which is true.
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Conversely, assume [ is not a multiple of 2k +4. Then, prod(z,y;l) = prod(y, x;1) if and

only if prod(z,y;r) = prod(y, z;r) for some r € {1,--- ,2k + 3}, where [ = r(mod(2k + 4)).

If r = 2k + 3, it was shown above that prod(z,y;r) # prod(y, z;r). If r < 2k + 3 is odd;
say r = 2s — 1 for some positive integer s, then prod(z,y;r) = prod(y,z;r) < Tp_s13 =

Ty --- T by claim 6.1.2. But then Tj_s13(ag_s+3) = ax_s+3 while

Ty Tp(ag—s+3) = Tr- ThospoTh—sy3Th—sia(@r—s43)
= T - Tp_syo(ap—st4)

= Qk—st+4 F Af—s+3

If r is even; say r = 2s, then by claim 6.1.3, prod(z,y;r) = prod(y, z;r) < Tk_sio = Ty &

k—s+2=0&1=2k+4. O

Conjecture 6.1.4. Let ag,ay, - ,ar and T;, i € {0,--- ,k} be as in theorem 6.1.1. Let
v =Ty and y = T51)Ty2) - Tyr), where o € Y. Then prod(z,y;n) = prod(y,z;n) <
n = 0(mod(2k + 4)).

The conjecture holds when k = 2, 3, and 4. This has been proven by brute force calculations.

For k = 4, the are six permutations (including the one of theorem 6.1.1), and 2k + 4 = 10.

6.2 Artin relations of odd length

In this section, we find Artin relations of every odd length in the mapping class group.
More precisely, given an odd positive integer n, we find elements in the mapping class group
of some appropriate orientable surface satisfying the Artin relation of length n. In a way, the
relations we discover are generalizations of the famous braid relation in proposition 1.3.8,

to all odd lengths.

Notation. In theorem 6.2.1 below, we shall change the notation of a Dehn twist in order
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Figure 6.2: The curves ai,--- ,ak, b1, -+ ,bp form a chain of length 2k, £k > 1. If
x=2Ay---Ag and y = By - - - By, then prod(z,y; 2k + 1) = prod(y, z; 2k + 1).

to make it easier for the reader to follow the proof. Instead of T;, we shall denote Dehn

twists by A; and B;. A; and B; represent Dehn twists along curves a; and b; respectively.

Theorem 6.2.1. Let £k > 1 be an integer, and suppose that the simple closed curves
ai, - ,ak, b1, by form a 2k-chain in an orientable surface S. If x = Ay--- A and

y = By -+ By, then prod(z,y;l) = prod(y,x;l) < 1 = 0(mod(2k + 1)).

Proof. In this proof, we again cancel only from the left. This allows us to pick up where we
left when studying the next Artin relation. Right cancellations are intentionally ignored.
When k = 1, there are two curves a; and by with i(a;,b;) = 1. Hence, x = A; and y = By,
and by fact 1.3.8, xyzr = yxy. Consequently, prod(x,y;l) = prod(y,z;l) for all positive
integers [ that are multiples of 3. Conversely, suppose | # 0(mod3). If prod(z,y;l) =
prod(y, x;1), then prod(z,y;r) = prod(y, x;r) for some r € {1,2}. Since i(a;,b1) =1, x # y.
Moreover, if xy = yx, it follows from xyx = yxy that x = y, which is a contradiction. This

proves the theorem for £ = 1. So, we henceforth assume that k > 2.

We remark that when By s or Bi_s3 are included in any of the computations below,
it should be assumed that & > 3. The inclusion of such terms in the rather complicated
calculations is intended to help the reader follow the proof. Although not included, the
calculations for k € {2,3} follow along the same lines of the ones shown (for £ > 3). In

fact, the cases k € {2,3} are much easier because there are less terms involved.

xy=yr < Ay Ap1ApB1-- By, = By BpAy-- A1 Ag
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& Ay Ap 1ABy---By = Ay---Ap_ 1B+ BrAg

<:>AkBlBk = BlAkBQ"'Bk

Since [A, B1] # 1, the last equality of RHS does not hold.

(zy)z = (yx)y & AgBy -+ ByAy -+ Ay, = B1AyBy---ByBy - By_1By

Set (51 = AkBl cee BkAl cee Ak. Then

(xy)r = (yzr)y & 01 = B1AgBy---Byp_1B1--- By_9ByBy_1By,

= B1AyBy---By_oBy--- Byp_1By_2B;By_1 B,

= DB1AyByB1B3By---B;B;_1Bi{1B;---
By—2By_3By,_1By_2(ByBr—1By)

= B1AyByB1B3By---B;B; 1B;1B;---
By 2By, 3(Br-1Bgr 2By 1) BrBr 1

= DB1AyByB1B3By---B;B; 1B 1B;---

(Br—2B—3B_2)B_1Br_2BrBj_1

= (B1AyB1)ByBB3B2ByB3 - - BiB;_1Bi1B; -
By 3By 9By 3By 1By 2B By 1
= ApB1AyByB1B3BByB3---B;B; 1B;i115; - -

By 3By 2By 3B _1Br_2BiBr 1

= ApB1B2B3- - ByApyB1BoB3 -+ By

In order to get the last expression above, we shifted the second Aj to the right as much
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as possible, and the B;’s to the left as much as possible. Similar shifts occur in future

computations.

(xy)x = (yx)y & AgB1---ByAy--- Ay = ApBy-- BpApBi -+ Bi_1

&S A A = ApBi--- B

Acting with the products A --- Ax and A B1 -+ Bx_1 on a; yields distinct curves. Conse-

quently, the two products are distinct.

(xy)? = (yz)* & Ay AgB1- By = ApBi- Bp_1A1 - Ao Ap_1 4y
S Ay Ap 2 Ag 1 ARBr1 - By = Ay Ap 0ApBr - B 1 Ap_1 Ay

& Ay 1 AgBy - B = ApAp 1B1AyBs - By

Since Ap_1ALB71--- Bk(ak_l) =ap #by = ApAp_1B1ABy - - Bk_l(ak_l), the two expres-

sions are distinct.

(zy)’z = (y2)’y &

A 1ApB1 - BrAy - Ay = ApAy_1B1AyBe - By_1B1--- By,

Set 0y = Ap_1ApBy -+ BrAy - Ag. Then (zy)%x = (yx)%y &

0y = ApAp_1B1ARBy---By_9B1--- Bi_1Br_2Bj_1By,

= ApAp_1B1ABy---By_3B1---By_9By_3By_1Br_2By_1B

= ApAp_1B1AyB2B1B3By - B;B;_1Bj11B; - -
By_oBy_3(Bg—1Bx—2Bk—1)By
= ApAr_1B1AyB2B1B3By - B;B;_1Bi1B; -

(Br—2Br_3B_2)Br_1Bi_2By,
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= ApAy_1B1AByB1B3By - B;B;_1B;11B; - -

By, _3Bj_oBj_3Bj_1By_2DBy,

= (ApAr_141)B1ALB2B1B3By -+ B;B; 1B;11B; - -
By _3By_2By_3Bj_1Bj 2By

= Ap1ApAy_1B1AByB1B3By - B;B; 1B 1B; -
By 3By 2By 3By 1B 2By

= Ap_1ApBy - BrAp 1 ApB1---Bp_o

(zy)’e = (y2)’y
& Ap 1 AgBy - BrAy - Ay = Ap 1 AgBy - BrAg 1 AgBr - Bp 2

S A1 Ay = A1 ApBy- - Broo

Since Aj - Ax(a1) = ag # a1 = Ap_1ApBy -+ Bg_2(a1), the two expressions are different.
By continuing in the same fashion, one can see that there are seemingly visible patterns

governing Artin equalities. We make the following claims:

Claim 6.2.2. Let k and m be a positive integers such that k > 2 and m < k. Then, for all

m, (xy)™ = (yz)" &

—~
N

At AgB1--- By = Ap—m2Ak—mi1 Ak—m+3Ak—m+2Ar—m+aAk—m+3

Ap—mi5Ak—mya- - Ap_1B1ALBy - - - Bi_pmt1

Claim 6.2.3. Let k and m be a positive integers such that k > 2 and m < k. Then, for all

2
m, (zy)"r = (yz)"y & Ay Ay @ Ap—my1- - ApB1 -+ By,

In the claims above, k represents the number of A;’s in = (k is also equal to the number

of By’s in y). If | represents the lengths of the Artin relations considered in claims 6.2.2

84



and 6.2.3, then

[/2 when [ is even

l_Tl when [ is odd

Proof of claims 6.2.2 and 6.2.3 - We proceed by induction on m. Suppose (zy)™ =
(yx)™ < (1) holds. First, we prove (zy)"x = (yx)™y < (2) is true, then we show
(xy)™ ™ = (yz)™t! < (1) with m replaced with m + 1. Fix an arbitrary m with 1 <

m < k — 2, and assume claim 6.2.2 is true for that m.

(zy)"r = (yx)"y &
Ap—mi1 - ApBr-- - BrAr - Ay = Ap—ms2Ak—mi1 Ak—m+3Ar—m+2Ak—m+4
Ap—m3Ak—me5Ak—mya - Ap_1B1 AL By

~ Br—m+1B1 -+ B

Set 03 = Ag_my1-- AgB1 -+ BpAp--- Ag. Also, set s = k — m, and note that s > 0 since

m < k. Then (zy)"x = (yz)"y <

03 = As+2As+1As+3As+2As+4As+3As+5As+4 o Ap_1B1AgBsy - -
BsBl tee Bsles+1BsBs+l T Bk
= AsiodspiAsisAsioAsiaAsigAsysAspa - Ap1B1 AR By - -

Bs—lBl te BS—QBSBS—IBS—HBSBS—H to Bk

= Asi2Asi1Asi3AsioAsigAsi3Asi5Asia - A 1B1ArBoB1 B3Bo By B
BSB4 e BsBsfl(Bs+1BsBs+1)Bs+2Bs+3 o Bk
= Asi2Asi1Asi3As 124514 As13As45A514 - A1 B1AyBaB1B3Ba By By

BsBy -+ (BsBs_1Bs)Bsy1BsBs12Bs13 - - - By,
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= AgoA1Asi3As i 0A 41 As 3 A5 A5 s - Ap_1B1 A BaB1 B3 B2 By B3

B5B4 e (BS—IBS—QBS—I)BsBs—lBs+1BsBs+2Bs+3 e Bk

= Asi2Ast1As13As10As14As 1345454514 - A1 B1Ay(B2B1 Ba) B3 By
ByB3BsBy -+ BsBs 1Bs11BsBsy2Bsy3- -+ By

= AsioAsp1Asi3AsioAstaAsizAsysAsra - Ap—1(B1AgB1) BoB1 B3 By
ByB3B5By -+ BsBs 1Bs11BsBsy2Bsy3- -+ By,

= Ag2As1As13As 104614 As 3 A 5 A5 4 Ap 1 Apo(ArAr—1Ag)

B1AyByB1B3ByB4B3BsBy - - - BsBs_1Bs11BsBs12Bsy3- - By,

= (AgpoAsi1Asio)Asi3AsioAsiaAs 3 A5 A a4 Agi6Asys - Ap_1A—2
ApAg_1B1AyBaB1B3ByByB3B5By - - - BsBs 1Bs1BsBsy2Bsy3- - By

= As1AsioAs1Asi3AsioAsigAsi3Asi5As14Asi6As15  Ap1Ap 2 Ag
Ap_1B1AyBoB1B3ByByB3B5By - - - BsBs 1B 11BsBs12Bs 13-+ By,

= A 1Ag0Asi3- - ApB1 - BrAs1Asi2Asyz - ApBy - - By

Thus, (zy)"z = (yz)"y <

Asi1AsioAsys - AgBr- - BrAy - Ay = Asp1AsioAsiz - AgBi--- By
S A Ay = As1Agi2Asiz - ApBy - By
= Al e Ak‘ = Ak—m+1AkJ—m+2Ak_m+3 T Ak

By Bi_m

Note that this is claim 6.2.3 for m. We now show that claim 6.2.3 for m implies claim 6.2.2
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for m + 1. Again, we set s = k — m.

<:>A1..

oAy Ay Ay

<:>As"

EN Ak—m"

(xy)m—i-l
‘AkBl"'Bk
’AkBl"‘Bk
“AkBl"‘Bk
‘AkBl"'Bk
‘AkBl"‘Bk

= (yz)

m+1

= As1Ag2Asi3- - ApBy - BAy -+ Ay

= A A1 A1 AgoAsiz - ApBy -

BsAsAs+1As+2 T Ak

= As+1As+2As+3 o AkBl T BsAsAs+1

Ao Ay

= As—i—lAs As+2 As+1 As+3As+2 As+4As+3As+5

Agyg  Ap 1 Ap 2 A Ag 1

B1AyBsy - - By

= Apmi1AsAr-mi2As1 Ak m13Ak—mi2

Ap—mtaAk—mt3Ak—m45Ak—mya - - Ap—1

Ap_9ARAr_1B1ALBy - - - By,

Therefore, claims 6.2.2 and 6.2.3 hold for all m < k, by induction. It remains to show that

claim 6.2.3 is true when m = k. But this is obvious since, in this case, (zy)"z = (yz)"y <

Ay Ap = Ay Ap.

Now we prove theorem 6.2.1, which is an easy consequence of the two claims. For the

sufficient condition, suppose n

t(2k + 1), t € N. It suffices to show | = 2k + 1 =

prod(x,y;l) = prod(y,z;l). Clearly, m = k when [ = 2k 4+ 1. Therefore, it follows by,

claim 6.2.3, that

prod(z,y;1) = prod(y, ;1) < Ay A = Ap_py1--- ApB1 - Bey,

S A A=Ay Ay
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For the necessary condition, assume that 2k + 11 1. Then, prod(z,y;l) = prod(y, =;1) if

and only if prod(x, y;r) = prod(y, z;r) forsome r € {1,2,--- ,2k}, where l = r(mod(2k + 1)).

If r is even, then by claim 6.2.2, prod(z,y;r) = prod(y, z;r) <

Ap—gr1-AgBr- By = Ap_groAp—qr1Ar—qr3Ar—qroAr—qraAr—qr3Ar—q+s

Ap—gya- A1 B1ARBy - - Br_g+1

where ¢ = 5. Note that since r < 2k, this equation holds for ¢ < k, k > 2.

LHS(ak—q+1) = Ar—gr1Ar—g+2(ar—g+1)
= OGk—q+2
RHS(ag—q+1) = Ak—gr24k—q+14k—g+3A4k—q+2(ak—q+1)

= ApgroArqi3Ak—qr1Ak—gr2(ar_qs1)
= Ap_groAr_gr3(ar—g42)
= Qk—q+3

F g2
Hence, LHS # RHS.

If r is odd, then prod(x,y;r) = prod(y,z;r) < Ay--- A = Ap—pi1 - ApB1--- Br_p,
where p = “52. But then, provided that k —p+1 > 1, we have LHS(a1) = AjAs(a1) = ag,
while RHS(a1) = a1 # az. Hence, LHS # RHS.

It remains to show that k — p+ 1 > 1. Indeed, p > k = % >k=r>2k+1,

contradicting r € {1,--- ,2k}. O
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6.3 Artin relations from foldings

In this section, we use the theory of Artin groups to find Artin relations in the mapping
class group. Even more, we give explicit elements x and y in Mod(S) that generate Artin
groups of types Ia(k) (kK > 3) and Iy(2k —2) (k > 4). To do that, we invoke LCM-
homomorphisms (described in section 3.2) induced by the dihedral foldings A1 — I2(k)
and Dy — I3(2k — 2). The induced embeddings between the corresponding Artin groups
provide k and 2k — 2 Artin relations in A(Ak—1) and A(Dy) respectively. Since the Artin
groups of types Ai_1 and Dy inject into the corresponding mapping class groups via the
geometric homomorphism, we obtain Artin relations of length k& and 2k — 2 in Mod(Sr),

I'=Ag_1, Dy.

Theorem 6.3.1. Let k > 3 be an integer. Suppose that ay,as, - ,ax—1 form a (k—1)-chain
in Sa, . Let
TyT5---Tp_3T,_1 when k is even

T1T3 cee Tk_4Tk_2 when k is odd

ToTy - -Tp_4Ty_o when k is even

ToTy - Tr_3Ti_1 when k is odd

Then x and y generate the Artin group A(Iz(k)) in Mod(Sa,_,). Moreover, prod(x,y;n) =

prod(y, x;n) if and only if n = 0mod (k).

Proof. We only prove the case when k is even. The odd case is proved similarly. Assume k
is an even integer greater than 3. Consider the Coxeter graphs Ay and I2(k), and label
their vertices by the sets P = {s1, 89, -+ ,sk—1} and Q = {s,t} respectively. Partition P
into K5 = {s1,s3, - ,Sk—3,5k—1} and K; = {s2,84, -+ ,Sk_4,Sk—2}. By corollary 3.3.4,
the dihedral folding f : Ax_1 — I2(k) such that f(Ks) = s and f(K;) = t induces the

LCM-homomorphism

¢l AT (La(k)) — AT (Ag-1)
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s Bpigs)
t— Af—l(t)

By Lemma 5.2.1, Affl(s) = 8183 Sk—-3Sk—1 and Affl(t) = 8284 Sk—4Sk—2. Corol-
lary 3.3.4 implies that ¢/ is injective. By theorem 3.2.3, ¢/ induces an injective homo-
morphism ¢ between the corresponding Artin groups. The curve graph associated to the a;

is isomorphic to Ax_1. Consequently, the geometric homomorphism
g: A(Ag—1) = Mod(Sa,_,)
s; = T;

is injective by theorem 5.1.2. As such, the composition g o ¢ gives a monomorphism of

A(Iz(k)) into Mod(Sa,_,)-

Since = and y generate A(Iz(k)), prod(z,y; k) = prod(y,z; k). From this equality, it
follows immediately that prod(z,y;pk) = prod(y,x;pk) for all positive integers p. This
proves the sufficient condition of the last statement in theorem 6.3.1. For the necessary

condition, assume k 1 n and prod(z,y;n) = prod(y,x;n). Then prod(z,y;r) = prod(y, x;r)

for some r € {1,--- ,k — 1}. But since go ¢ is injective, this would mean that prod(s,t;r) =
prod(t, s;r) in A(I2(k)), which is a contradiction. O
Theorem 6.3.2. Let k > 4 be an integer, and suppose that curves a1, as,- - - ,ar have curve

graph Dy, in Sp, . Let

TV T _3Te_ 1T, when k is even

W5 T _o when k is odd

ToTy - Th_o when k is even

ToTy - Tp_3Tr_1T), when k is odd

Then x andy generate the Artin group A(I2(2k—2)) in Mod(Sp, ). Moreover, prod(x,y;n) =

prod(y, x;n) if and only if n = 0mod(2k — 2).
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Cap off the lower o
two boundaries -

Figure 6.3: If v = T\T3T, and y = Ty, it follows from theorem 6.3.2 that (zy)® = (yz)? in
Mod(S; 3). By capping off the two boundary components, one gets the relation (T77%)? =
(T2T13)3 in MOd(SLl).

Proof. Again, we only prove the even case. The odd one is proved the same way. Label the
vertices of Dy and I2(2k —2) by P = {s1, 82, ,sx} and Q = {s,t} respectively. Partition
P into Ks = {s1,83, -+ ,Sk—1,5k} and Ky = {s2,84, -+ ,Sk—2}. Both K and K; consist of
pairwise commuting generators of AT (D). By Lemma 5.2.1, the least common multiple
of each of these sets is the product of its elements (in any order). The dihedral folding
f : Dy — I3(2k — 2) induces the LCM-homomorphism ¢/ : A*(I(2k — 2)) — AT(Dy),

which maps
S — Af_l(s) — 85183 SEL—-1Sk
b Ap-1y = $284 7 Sk—2
Since ¢7 is injective, the induced map, ¢, on the corresponding Artin group is injective as
well. By post-composing with the geometric homomorphism ¢ : A(Dy) — Mod(Sp, ), one
gets an embedding of I5(2k — 2) into Mod(Sp, ). This produces a subgroup of Mod(Sp,)
which is isomorphic to the Artin group A(l2(2k — 2)), and is generated by = and y. Since

prod(s,t; 2k — 2) = prod(t, s; 2k — 2), it follows that prod(x,y; 2k — 2) = prod(y, x; 2k — 2).

The rest of the proof follows as in theorem 6.3.1. O
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Corollary 6.3.3 (Corollary to theorem 6.3.2). Let ay and ag be isotopy classes of simple
closed curves in S. If i(ai,az) = 1, then T{ and Ty satisfy an Artin relation of length 6 in

Mod(S).

Proof. Let F' be a regular neighborhood of a; U as so that F' is homeomorphic to S 1. In
F, consider three parallel copies of a; denoted by a1, as, and as. Now remove two open

disks from F' to obtain Si 3 and curves a1, a2, a3, and a4 as in Figure 6.3.

When k = 4, theorem 6.3.2 implies that x = 11137, and y = Ty satisfy zyzyxry =
yryxyx in Mod(Sp,) = Mod(S13). By theorem 5.1.2, the subgroup G of Mod(S; 3) gener-
ated by T1,T», T3, and Ty is isomorphic to A(Dy4). Now, reverse the process and cap off the
two boundary components to recover F' ~ S; ;. There is a homomorphism G — Mod(S1,1)
defined by T5 +— T5 and T} — T3 for j = 1,3,4. The image of xyxyxry = yxyxryxr under this
homomorphism is (T77%)3 = (ToT3)3 in Mod(S1,1). Of course, the same relation is true in

Mod(S). O
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CHAPTER 7

SUBGROUPS OF MOD(S) GENERATED BY
THREE DEHN TWISTS

7.1 Introduction

In this chapter, we are going to study subgroups of Mod(S) generated by three Dehn
twists. Suppose that a1, ag, and ag are essential, pairwise nonisotopic simple closed curves
in S. As alluded in chapter 1, we shall not distinguish between a simple closed curve and

its isotopy class notationally.

Consider the isotopy classes a1, a2, and a3, and assume that all the geometric inter-
sections i(aj, ar) € {0,1,2}. This assumption will keep the combinatorics manageable to a
certain extent. Denote by 77, T, and T3 the respective (left) Dehn twists along a1, az and
as. If G denotes the subgroup of Mod(S) generated by 11, T», and T3, we find presentations
for G corresponding to different configurations of the simple closed curves a1, as, and as.
We remark that the question of determining subgroups of Mod(S) generated by three Dehn
twists is considerably harder than the case of two Dehn twists. It is a nontrivial task to
show that a non-obvious defining relation exists between the T; in G. It is also very hard

to prove that no such defining relations exist.

The structure of G could depend on the surface in which the simple closed curves a1, as

and ag are viewed. For instance, let S be a compact orientable surface containing a1, as, and
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as, and denote by N. a closed regular neighborhood of a; UagUas. If S is obtained from N,
by capping off some boundary component of N, with a disk, this could possibly add more
defining relations between the T;, i = 1,2,3, in Mod(S). As such, G viewed as a subgroup
of Mod(N¢) and G viewed as a subgroup of Mod(S) are not necessarily isomorphic. Hence,

it is important to specify the ambient group Mod(S) when studying G.

In almost all the subsequent sections, we shall carry out our analysis as follows. First,
we study the structure of G' viewed as a subgroup of Mod(N,), where N¢ is a closed regular
neighborhood of a1 U as U ag. Then, we use theorem 1.5.2 to determine G as a subgroup
of Mod(S), where S contains N, as a subsurface. Since N is the smallest compact surface
containing a1, ag, and ag, this covers all possible compact (with possibly empty boundary)
surfaces containing the a;, i = 1,2,3. As a result, we obtain all the possible structures of

G corresponding to a given configuration of a1, as, and as.

Our program for understanding subgroups of Mod(S) generated by three Dehn twists
depends on the geometric intersections i(aj,ax), j < k and j,k € {1,2,3}. Clearly, there
are three such geometric intersections. Following Dickinson’s notation in [8], we encapsulate
these three geometric intersections in an ordered triple as follows. Given i(aj,as) = z12,
i(ay,a3) = x13, and i(ag, as) = xa3, we use the ordered triple (z12, 213, 223). This ordered
triple shall henceforth encode the geometric intersections i(aj, ax) with the above defined

order.

In section 7.8, we shall amend the triple notation slightly to account for isotopy classes
a1, a2, and a3 whose intersection triple is (2,1,0), but whose corresponding closed regular
neighborhoods N, = N.(a; U az U ag) are non-homeomorphic. The reason we do this is
because the structure of G' might not be the same in each case. We shall see in subsec-
tions 7.8.1 and 7.8.2 that there are two non-homeomorphic surfaces N, associated with the
intersection triple (2,1,0). These surfaces can be distinguished by examining the algebraic

intersection number i(aq, as) (see section 1.1).

Recall that when i(aj,ar) = 1, i(a;,ax) = £1. In this case, a closed regular neighbor-
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hood of a; U aj is homeomorphic to S1 ;. On the other hand, when i(a;,a;) = 2, either
%(aj, ar) = 2 or 0. When %(aj, ai) = 0, a closed regular neighborhood of a; U aj, is home-
omorphic to S 4, whereas %(aj,ak) = 42 implies that a closed regular neighborhood of
a; U ay, is homeomorphic to S12. In particular, depending on whether %(al, az) =0 or +2,
the intersection triple (2, 1,0) gives rise to two closed regular neighborhoods N¢(a1UagUas)
given by Sz 1 and Sj 3 respectively (see subsections 7.8.1 and 7.8.2). Thus, we amend the

notation (2,1,0) and write (2,,1,0) where v = i(ay, az).

It is easy to see that there is a one to one correspondence between the set {(x12, 213, x23)}
of intersection triples and the set of (non-isomorphic) curve graphs of ay, as, and as. Since
we are assuming i(a;, a;) € {0, 1,2}, there are ten distinct intersection triples corresponding
to (0,0,0), (1,0,0) , (2,0,0), (1,0,1), (1,1,1), (2,1,0), (2,2,0), (2,1,1), (2,2,1) , and
(2,2,2). As such, there are ten non-isomorphic curve graphs corresponding to these triples.

These graphs are shown in Table 7.1.

In the subsequent sections, we shall find explicit presentations for G (viewed as a sub-
group of Mod(S) for all possible S) for the first five intersection triples. For the triple
(2,1,0), we study G corresponding to (249,1,0) and (29,1,0). In these cases, we are not
able to find an explicit presentation for G. However, we show (with the help of the com-
puter algebra software Magma) that G is finitely presented and is isomorphic to an infinite
index subgroup of some Artin group. For the remaining four triples, we have obtained some

partial results similar to those of section 7.8, but we do not include them in the dissertation.

7.2 Subgroups of Mod(S) generated by two Dehn twists

Before delving into our study of subgroups generated by three Dehn twists, we recall the
subgroups of Mod(S) generated by two Dehn twists. Consider two simple closed curves a
and b in S. The subgroups of Mod(S) generated by the Dehn twists T}, and T} are classified

according to the geometric intersection number i(a, b). Precisely,

Theorem 7.2.1. Ifi(a,b) =0, then (T,,Ty) X Z ® Z.
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Table 7.1: This table shows the ten (non-isomorphic) curve graphs determined by
{(z12, 213, 23) |21 € {0,1,2}}.

as as as as
[ ] [ ] [ ]
2 .A
[ ] [ ] o —=0 o —=0
ai as al as al a al az
as as as as

AN | Loy | 2y, | L2

a a2 a a2 a a2 a a2

as as

2\, | 72
ay a2

a a2

Theorem 7.2.2. Ifi(a,b) = 1, then (T, Tp) = SLo(Z) when S = Sy, and (T, Tp) = B3

otherwise.

Theorem 7.2.3. If i(a,b) > 2, then (Ty,Tp) = Fy.

Theorem 7.2.1 follows immediately from proposition 1.3.7 and fact 1.3.6. It is also a
special case of theorem 7.3.3. When S # S and i(a,b) = 1, (T,,T}) = Bs follows easily
from theorem 5.1.2 and corollary 1.5.3. When S = S g, (T5,Tp) has the additional relation
(T,T,)® = 1, which makes it isomorphic to SLo(Z). Finally, note that theorem 7.2.3 is

theorem 1.3.11, due to Ishida [15].

7.3 The case (0,0,0)

A more general result of this case is well known. More precisely, if {ai,---,a,} is a
collection of essential, pairwise nonisotopic, and pairwise disjoint simple closed curves in S,
then the subgroup of Mod(S) generated by the T}, = 1,--- ,n is isomorphic to the free
abelian group of rank n. A nice proof, which we include here for completeness, can be found

in [23]. The proof makes use of the following two lemmas.
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Lemma 7.3.1 (Rolfsen-Paris). Suppose that F' is an essential subsurface of S, and let a,
b be essential simple closed curves in F. Assume that a is not isotopic in F' to a boundary
component of an exterior cylinder (see definition 1.5.1). Then a and b are isotopic in F if

and only if they are isotopic in S.

Lemma 7.3.2 (Rolfsen-Paris). Suppose ay,--- ,a, are essential simple closed curves in S

such that:
e ajNa,=9, ifj #k,
e a; is not isotopic to ay, if j # k,
e none of the a; is peripheral (ie isotopic to a boundary component) in S.

Then for each j,1 < j < p, there exists an isotopy class of simple closed curves b such that

i(ak,b) =0 if j # k, and i(aj,b) > 0.

Theorem 7.3.3. Suppose that {a1, - ,an} is a collection of essential, pairwise disjoint
simple closed curves in S. Assume that, for all j # k, a; is not isotopic to ay. Then the

subgroup G of Mod(S) generated by the Dehn twists Ty, - -+ , T, is isomorphic to Z".

Proof. Let w € G. Since all the T; commute with one another, we may write w =

T Ty - - T m; € Z. Define the map 7 : Z" — Mod(S) by

T(m1’m27... ’mn) :T{angnQ T’r?ln

Since the T} are pairwise commutative, 7 is a homomorphism. To prove injectivity, suppose
w = TIMTY? - T is equal to the identity in Mod(S). Let S be the closed surface
obtained from S by gluing S1,1 to each boundary component of S. The a; are still essential
in S, and lemma 7.3.1 implies that a; is not isotopic to ay, in S , for j # k. Fix an arbitrary
j €{1,2,--- ,n}. By lemma 7.3.2, there is a simple closed curve b such that i(a;,b) > 0
and i(ag,b) = 0 for all k # j. This implies that [T}, Tp] = 1 for all & # j. Consequently,

b=w(b) =TTy - T (b) = T, (b). By fact 1.3.5, we have

0=1(b,b) = (TJmJ(b)ﬂb) = ‘mj‘(aﬁb)Z
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Since i(a;,b) > 0, mj = 0. And since j was arbitrary, m; = 0 for all j. Now we have
Z" L Mod(S) &5 Mod(8)

where i, o 7 is injective. Therefore, 7 is injective. O

7.4 The case (1,0,0)

let a1, as, and as be distinct isotopy classes of essential simple closed curves in S =
Sg.p, satisfying the triple (1,0,0). For this to happen, it must be the case that (g,b) €
N x N>o\{(1,0)}. Since i(a1,a2) = 1 and S is excluded, theorem 7.2.2 implies that
(Th,Tp) = Bs in Mod(S). The following lemma, due to Margalit [22], characterizes the
2-chain relation in Mod(S).

Lemma 7.4.1 (Margalit). Suppose M = (T, T,)¥, where M is a multitwist word (ie product
of Dehn twists along pairwise disjoint curves) and k € 7Z, is a nontrivial relation in Mod(S),
and [M,T,] = 1. Then the given relation is the 2-chain relation. This means that M = TY,

where ¢ = ON(x Uy), and k = 65.

Theorem 7.4.2. Suppose that a1, as, and as are distinct isotopy classes of essential simple
closed curves in S, satisfying the triple (1,0,0). Let G be the subgroup of Mod(S) generated
by Ty, 1o, and Ts. Then

e G B3 xZifas# 8N5<a1 Uag)
e G=B3ifag= 8N5(a1 U ag)
Proof. Assume that a3z # ON(a; U ag2). Define the map

7 (T, Ty) x Z — G = (T, T, T3)

(fin) — fT¢
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We show that 7 is an isomorphism. Clearly, 7 is well-defined. It is also obvious that 7 is

surjective.

7 ((f1,n1)(f2,m2)) = T(f1-f2,n1 +n2)
= fi.foT3rt"
= (AT (f2157)

= 7(f1,n1)7(f2,n2)

The third equality is due to the fact that T35 commutes with both 77 and T5. It remains
to show the injectivity of 7. If fTF = gT%, where f,g € (T1,T) and k,n € Z, then
g f = T}f‘k. g~ Lf is an element of (T7,T%) = Bs. Set w = g~ 'f. Since [w,T}] = 1 for
i =1,2, w is in the center of (T}, T5). By theorem 2.2.1, the center of (T7,T3) is generated
by (T1T2)3. As such, w = (TyT3)% for some p € Z. Now, (T1T2)* = T;_k is a Dehn twist
relation where T. ??_k is a multitwist, and [ng—k: ,T1] = 1. By lemma 7.4.1, this relation is
either the 2-chain relation or a trivial relation. The first case implies ag = IN(a1 U as),
which contradicts the hypothesis. Hence, g~ f = T gl_k must be trivial Mod(S). This gives

n=kand f =g.

Now suppose that az = ON(a; U as). By the chain relation, T3 = (T7172)°. Hence,

G = (T1,T»,T3) reduces to (T1,T5) = Bs, the classical braid group on three strands. O

7.5 The case (2,0,0)

Theorem 7.5.1. Suppose a1, az, and asg are distinct isotopy classes of essential simple
closed curves satisfying the triple (2,0,0) in S. If G is the subgroup of Mod(S) generated
by the Dehn twists T, To, and T3, the G = Fy X Z.

Proof. Define the map
7 (T, Ty) x Z — G = (T, T, T3)

(fin) — fT%
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7 is clearly well-defined. That 7 is surjective follows from the fact that every element of
G may be written in the form fT3', where f € (T7,13) and n € Z. This is because T3

commutes with both T and T5.

T ((f1,m)(f2,m2)) = 7(fi-f2,m1 +n2)
= fi.fTy e
= (LT3 (f2T57)

= 7(f1,n1) 7 (f2,m2)

For injectivity, suppose that I} = gTy§ for some f,g € (T}, T%) and p,q € Z. This
equality holds if and only if g7 f = T§ *. Set w =g~ !f and | = ¢ — p. We will show that

w = T?f implies [ = 0. Consequently, p = ¢ and f = g.

Since i(a1,a2) > 2, T} and T; generate a free group according to theorem 7.2.3. Assume
w = T%. Since i(a1,a3) = 0, [w,T1] = 1. But, w € (T}, T) = Fy. So, w = T} for some

r € Z. This implies that 7] = Tgf. Since a1 # ag, corollary 1.3.10 implies that  =r =0. O

We remark that the proof of theorem 7.5.1 establishes the following stronger result.

Theorem 7.5.2. For every integer m > 2, if a1, ay and as satisfy the triple (m,0,0) in S,
then the subgroup of Mod(S) generated by the Dehn twists Ty, Ta, and Ty is isomorphic to
FQ X 7.

7.6 The case (1,0,1)

Suppose that a1, as and a3 are distinct isotopy classes of simple closed curves in .S, sat-
isfying the intersection triple (1,0,1). As illustrated in Table 7.1, the curve graph induced
by the a; is the Coxeter graph As. By part (ii) of theorem 4.2.1, the surface S4, is homeo-
morphic to S12. Recall that S4, represents a closed regular neighborhood of a1 U as U as.
Let G denote the subgroup of Mod(S12) generated by 11, T3, and T3. By theorem 5.1.2, G

is isomorphic to By. Si2 is a subsurface of Sy for all (g,b) € X, where
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Figure 7.1: Capping off 9512 with disks or with an exterior cylinder.

X={(pq) €ZxZ:p>1,q>0}

By corollary 1.5.3, the homomorphism i, : Mod(S12) — Mod(Syy) is injective for all
(g,b) € X\{(1,0),(1,1),(2,0)}. In other words, i, is injective except when S = Sy 1, S1,
or Sp. The surface Sy is obtained from S4, ~ S12 when either boundary component is
capped off with a disk (figure 7.1 (a)&(b)). Si is obtained from Sa, by capping off both
boundary components with disks, as in figure 7.1 (c). Finally, S is obtained from S4, by
attaching an exterior cylinder as in figure 7.1 (d).

In the cases (a), (b), and (c) corresponding to Si1 and Sio, a1 = a3, violating the
assumption that they must be distinct isotopy classes. So, in these cases, the triple (1,0,1)
is not satisfied to start with. In case (d), we know that i, : Mod(S12) — Mod(S2,) is not
injective. We shall prove, however, that i,|g is injective.

By theorem 1.5.2, ker(i,) is normally generated by 775 1 where a4 and a5 are the pe-
ripheral (ie boundary parallel) curves in S 3. Since Ty and T are both central in Mod(S 2),
so is T4T5_1. Consequently, ker(i,) is generated by T4T5_1.

G injects into Mod(S2y) if G N ker(ix) = {1}. In other words, there does not exist a
nontrivial element W € G and n € Z\{0} such that W = (TyT5 ')". We will now prove
that this is indeed the case. Suppose that W = (TyTy )" in Mod(S) 2) for some n € Z\{0}.
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As Ty and Ty commute with all the 73,7 = 1,2,3, W is in the center, Z(G), of G. Since G is
isomorphic to By, it follows that Z(G) is infinite cyclic, generated by (Ty7273)* according
to theorem 2.2.1. Hence, W = (T1T2T3)4k for some k € Z. On the other hand, the chain
relation gives TyTs = (T1T>T3)*, and so (TyT5)* = (T1T>T3)**. Noting that [Ty, T5] = 1, we

have

nmp—n kmk
Ty'Ty = I;T5 <

n—k __ n+k
T4 - T5

Since a4 # a5 in St 2, it follows from corollary 1.3.10 that n = k£ = 0, a contradiction. We

have proved the following theorem:

Theorem 7.6.1. Let a1, as, and ag be distinct isotopy classes of simple closed curves
satisfying the triple (1,0,1) in S. If G < Mod(S) is generated by the Dehn twists Ty, Tb,

and T3, then G is isomorphic to By. More explicitly, G has presentation

(T, To, T3 | VT2 T = ToTh Ty, ThT3 = 13T, ToT5T, = T315T3)

7.7 The case (1,1,1)

Consider three distinct isotopy classes a1, as, and as of simple closed curves in S sat-
isfying the triple (1,1,1). Let T;, i = 1,2,3 represent the (left) Dehn twist along a;, and
denote by G the subgroup of Mod(S) generated by 11, T5, T3. In this section, we study
the structure of G, viewed as a subgroup of Mod(S) for all possible S. We shall make use

of the following theorem by Charney and Peifer [5].
Theorem 7.7.1 (Charney-Peifer). The center ZA(An_1) of A(An_1) is trivial.

Theorem 7.7.2. Suppose that ay, az, and a3 are distinct isotopy classes of simple closed
curves in S, satisfying the triple (1,1,1). Let S represent a closed reqular neighborhood

of a1 Uag Uas. By theorem 4.5.4, S s homeomorphic to S13 and one of the boundary
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components is distinguished in the sense of definition 4.3.5. Denote by T; the (left) Dehn
twist along a; and by G the subgroup of Mod(S) generated by Ty, To, and T5. Then the

structure of G is given as follows:

(1) If S =8 (ie S = S13), then G = A(Ay).

(2) If S contains S asa subsurface and no component of no component of S\§ s a cylinder
exterior to S or a disk with less than two punctures, then G = A(Ay).

(3) If S is obtained from S by capping off one boundary component ¢; with a disk (ie
S =S12), then G = A(A3) when ¢; is distinguished, and G = By otherwise.

(4) If S is obtained from S by capping off two boundary components with disks (ie S = S11),
then G = Bs.

(5) If S is obtained from S by capping off three boundary components with disks (ie S = S10),
then G = SLy(Z).

(6) If S is obtained from S by attaching an exterior cylinder (ie S = So.1), then G = A(Ay).
(7) If S is obtained from S by attaching an exterior cylinder and capping off the remaining
boundary component ¢; with a disk (ie S = Say), then G = A(/Tg) when ¢; is distinguished,

and G = By otherwise.

Proof. Assume that the isotopy classes a1, as, and ag satisfy the triple (1,1,1) in .S, and
consider the subsurface S , which is a closed regular neighborhood of a; U as U as. By
theorem 5.5.4, A(Zg) is isomorphic to G via the geometric homomorphism sending the "

standard generator ; of A(ﬁg) to T;. This implies that G has presentation

G = <T1,T2,T3 | ET/L+17—:L == Ti+1nﬂ+1 mod(3), 1= 1, 2, 3>

We shall now consider G as a subgroup of Mod(S) as opposed to a subgroup of Mod(S).
There are a few cases to consider.

If S is an orientable surface containing S as a subsurface, and no component of S\g

is a cylinder exterior to S or a disk with less than two punctures, then by corollary 1.5.3,

103



Figure 7.2: The simple closed curves a;, ¢ = 1,2, 3 satisfy the intersection triple (1,1,1) in
S. The surface S , which is a closed regular neighborhood of a; Uas U as is homeomorphic
to S1,3. Note that we numbered the boundary components to keep track of which one we
cap off when studying the homomorphism i, : Mod(S) — Mod(S). It is easy to check
that 3 is the distinguished boundary.

ix 1 Mod(S) — Mod(S) is injective. As such, the subgroup G of Mod(S) generated by T7,

T and T3 is isomorphic to A(AVQ) via the geometric homomorphism mapping ~; to 7T;.

We shall now examine the cases when i, : Mod(S) — Mod(S) is not injective. First note
that by theorem 4.3.4, S is homeomorphic to Si 3. Moreover, it follows from theorem 5.5.4

that a1, as, and a3 may be chosen as in Figure 7.2.

The homomorphism i, : Mod(S) — Mod(S) is injective except when S is obtained from

S by

e Capping off one boundary component with a disk.

Capping off two boundary components with disks.

Capping off three boundary components with disks.

Attaching an cylinder exterior to S.

Attaching an exterior cylinder and capping off the remaining boundary with a disk.
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(d) (e

(9)

Figure 7.3: The surfaces obtained from S by capping off one, two and three boundary
components with disks. The red curves in (a), (b), and (c) are denoted by a4. They are
introduced in each case to determine the structure of G.

First, we study the cases where S is obtained from S by capping off one boundary

component with a disk. See figure 7.3 (a),(b), and (c) for illustration.

Suppose S is obtained from S by capping off 9; with a disk. Introduce the simple closed
curve a4 shown in red in figure 7.3 (a) and note that aq = T2_1<CL3). Then Ty = T2_1T3T2.
This implies that 717, T» and T4 generate G. Since as, a; and a4 form a chain in S and
since S is homeomorphic to a closed regular neighborhood of as U a1 U a4, it follows by

theorem 5.1.2 that G is isomorphic to By.

Suppose S is obtained from S by capping off 05 with a disk. Introduce the simple
closed curve a4 shown in figure 7.3 (b) and note that a4 = T3 (a3). As such, Ty = TngTf1
and so G is generated by T, T1 and Ty. Since aso, a1, and a4 form a chain in S, and S is
homeomorphic to a closed regular neighborhood of asUaj Uay, it follows from theorem 1.5.2

that G is isomorphic to By.

Finally, suppose that S is obtained from S by capping off J3 with a disk. Introduce the
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simple closed curve as in figure 7.3 (c) and note that S is homeomorphic to a closed regular
neighborhood of a4 U a; U as. Also note that az = T42T1 (a2). This is the same construction

as in theorem 5.5.1. By this theorem, G = A(Ay).

We now study the surfaces S obtained from S by capping off two boundary components

with disks. Refer to figure 7.3 (d), (e), and (f).

Let S be the surface obtained from S by capping off 9; and 0y with disks. It is easy to
check az = Ts(ay) so that T3 = T2T1T{1. As such, G is generated by T and Ty in Mod(S).

Since (a1, az) = 1, it follows by theorem 7.2.2 that G is isomorphic to Bs.

If S is the surface obtained from S by capping off 0; and 93 with disks, note that
a3 = Ta(ay). Then Ty = TOIW T, L and as in the preceding paragraph, G is isomorphic to
Bs.

Finally, suppose that S is obtained from S by capping off 02 and 05 with disks. In this

case, it is still true that ag = T(a1). As such, G is isomorphic to Bs.

If S be the surface obtained from S by capping off all three boundary components with
disks (figure 7.3 (g)), then ag = Th(a1) is true. So G is generated by 77 and T5 in Mod(S).
Since i(ai,a2) = 1 and S is homeomorphic to Si g, it follows by theorem 7.2.2 that G is

isomorphic to SLs(Z).

We now study the surfaces S obtained from S by attaching an exterior cylinder c;;,
(4,9) € {(1,2),(1,3),(2,3)}.

Let S be the surface obtained from S by attaching the exterior cylinder ¢;j;, (,j) €
{(1,2),(1,3),(2,3)}. By theorem 1.5.2, the kernel of the homomorphism i, : Mod(S) —
Mod(S) is generated by T@T?l, which is central in Mod(S) by theorem 1.6.1. If w € G is
such that i.(w) = 1, then w € Ker(i,). As such, w = (TaiTa_jl)p for some integer p. So, w
is central in Mod(S) and consequently w € Z(G). But G = A(Ay), and so the center Z(G)

is trivial by theorem 7.7.1. Therefore, w = 1. This shows that i.|q is injective and thus the

subgroup of Mod(S) generated by T1, T5 and T3 is isomorphic to A(EQ).
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Finally, we study the surfaces S obtained from S by attaching an exterior cylinder and

capping off the remaining boundary with a disk.

Let S be the surface obtained from S by attaching the exterior cylinder c¢15 and capping
off 03 with a disk. We saw that after capping off 93 with a disk, the subgroup of Mod(S1 2)
generated by 11, 15, and T3 is isomorphic to A(AVQ). Now attach the cylinder ci2 to Si2
to obtain Sy . The kernel of i, : Mod(S1,2) — Mod(S2,) is generated by T, Ty Since
the center of .A(/Tg) is trivial, a similar argument as before shows that the subgroup G of

Mod(S2,) generated by Ty, T, and T3 is isomorphic to A(AVQ).

Let S be the surface obtained from S by attaching the exterior cylinder c¢13 and capping
off 0, with a disk. We saw that after capping off 9, with a disk, the subgroup of Mod(S1 2)
generated by T7, T, and T3 is isomorphic to Bs. Now attach the cylinder c¢13 to Si2 to
get Soo. The kernel of i, : Mod(S12) — Mod(S2) is generated by T, Tyt which is
central in Mod(S2) by theorem 1.6.1. If iy(w) = 1 for some w € G < Mod(S;2), then
w € Ker(iy). Thus, w Q (TGITB_R)I)” for some integer p. So w lies in the center of Mod(S1 2),
and in particular, w is in the center of G = B4. By theorem 2.2.1 and theorem 5.1.2, the
center of G is infinite cyclic generated by (T4TiT3)*. Moreover, (TyT1T»)* = Ty, T», by the
chain relation. So w & (T5,T5,)? for some integer ¢. By (1) and (2), and the fact that

[T5,,Ts,] = 1, we have

P =P __ q 4
TP = TATL &

P—q _ p+q
Tal — T83

Since 01 # 03, corollary 1.3.10 implies p — ¢ = p + ¢ = 0. This implies that p = ¢ = 0.
As such, w = 1 and so i.|g is injective. Therefore, the subgroup G of Mod(S2,) generated

by 11, T, and T3 is isomorphic to By.

Finally, let S be the surface obtained from S by attaching the exterior cylinder co3 and
capping off 9; with a disk. We saw that after capping off 0; with a disk, the subgroup G

of Mod(S12) generated by 11, Tb, and T3 is isomorphic to Bs. Now attach the cylinder ¢;3
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to S12 to get Sop. A similar argument to the one in the preceding case shows that G is

isomorphic to By. O

7.8 The case (2,1,0)

Assume that aq, ag, and ag satisfy the triple (2,1,0) in S. There are two cases to
investigate, depending on whether the algebraic intersection number 3(0,1, az) is £2 or 0.
In the following subsections, we study the subgroups of Mod(S) generated by Dehn twists

along curves satisfying the configurations (219,1,0) and (2, 1,0).

7.8.1 (24,1,0)

Suppose that a1, ag, and ag satisfy the triple (249, 1,0) in S, and consider the subsurface
N, C S, which is a closed regular neighborhood of a; U as U as. N is homeomorphic to
So.1. This can be seen as follows. By tracing OF (see figure 7.4) , it is clear that N, has
one boundary component. Moreover, N, deformation retracts to the graph I' consisting
of a1 Uas U as. Since the Euler characteristic is homotopy type invariant, it follows that
X(Ne) = x(I'). Hence, x(Ne) =2—-29g—1=-3=v—e=x(') implies gy, = 2. So, N, is

homeomorphic to S 1.

Proposition 7.8.1. Let a1, as, and as be isotopy classes of simple closed curves satisfying
the triple (242,1,0) in S, and denote by G be the subgroup of Mod(S) generated by the
Dehn twists Ty, T, and T5. Consider the five strand braid group Bs whose presentation is

encoded in the Cozeter graph

An = eo—— e e e
o1 09 o3 o4

Assume that S # Sao. Then G is isomorphic to the subgroup of Bs generated by 0%03052,

o1, and o4. Moreover, G is finitely presented and is isomorphic to an infinite index subgroup

of Bs.

108



Figure 7.4: The surface N, formed by a closed regular neighborhood of a; Uas Uas, where

the a; satisfy (242,1,0).

Proof. Consider the subsurface N of S which is a closed regular neighborhood of a1 UasUas.

As shown above N, is homeomorphic to Sz 1, and the positions of the a; in F' can be seen in

figure 7.5. Introduce the curves a4 and as as in figure 7.6, and denote by G the subgroup

of Mod(N¢) generated by Ty, T3, Ty, and T5. By theorem 5.1.2, G is isomorphic to Bs.

That is, G1 has generators T5,73,7T, and T5, and defining relations

Ty
TTy Ty
ToTs
5Ty
T5TsTs

TyTsT,

It is not hard to see that a1 = TZ(as).

= 1315 (1)
- TDT, (2)
= T5Th (3)
= TyT3 (4)
= T5T3T5 (5)
= TsT,T5 (6)

By fact 1.3.3, Ty = T2T5T; 2. This implies that G
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Figure 7.5: The positions of a1, as, and asg in N..

is a subgroup of G1. It is precisely the subgroup of Gy generated by T2T: 51, 2 Ty, and T;.

The restriction of the following homomorphism to G establishes the desired isomorphism
¢:G1 — Bs
T5 +— o0
Ty — o9
T5 +— o3
T3 +— 04

Finally, the following Magma code establishes that G is finitely presented and is isomorphic

to a subgroup of infinite index in Bs.

F<a,b,c,d> := Group<a, b, c, d | axb*a = bxa*b, axc = c*a, axd = dxa,
bxcxb = c*b*c, b*d = dxb, c*dxc = d*xc*xd >;

G<A,B,C> := sub<F | a, d, b "2xcxb"-2 >;

Index(F, sub<F | a, d, b™2*c*b~-2 >: CosetLimit:=10"8,Hard:=true,
Mendelsohn:=true);

G;

0
Finitely presented group G on 3 generators

Generators as words in group F
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Figure 7.6: The curves as, as, a4, and as form a chain in N,.

A =a
B=4d
C=b"2 % c *x b™-2

In the above code, a, b, ¢, and d represent o1, o9, 03, and o4 respectively. As shown in
the output, G is a finitely presented group. Moreover, the number 0 in the output means

[F: G] = o0. O

We remark that the reason for omitting S = S> in proposition 7.8.1 is because i, :
Mod(S2,1) — Mod(S2,) is not injective. Consequently, the restriction of i, to the subgroup
G of Mod(S>,1) might not be injective as well. Now, although Ker(i,) can be computed, it
is relatively complicated. This makes determining Ker(i.|¢) (which equals Ker(is) NG) a

nontrivial task.

7.8.2 (2,1,0)

Suppose that a1, a2, and ag satisfy the intersection triple (2p,1,0) in S, and consider
the subsurface N, C S which is a closed regular neighborhood of a; U as U ag. N is
homeomorphic to S13. To see that, note that N, has three boundary components. This
can be checked by tracing the boundary in Figure 7.7 (left). Since N, deformation retracts

to the graph I' which is a1 U as U ag. Clearly, I' has v = 3 vertices and e = 6 edges. Since
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(i)

Figure 7.7: N, is a closed regular neighborhood of a; U as U a3, where the a; satisfy (2, 1,0).

the Euler characteristic is invariant under homotopy equivalence, it follows that

X(Ne)=2—-2g—-3=3-6=v—e=x(I)

As such, N, is homeomorphic to S; 3 (see figure 7.7).

Proposition 7.8.2. Suppose that ai, as and as satisfy the triple (2¢,1,0) and denote by
G the subgroup of Mod(N¢) generated by T;, i = 1,2,3. Consider the Artin group A(Dy)
whose presentation is encoded in the Coxeter graph

04

03

Set (05) =2 Z. Then G is isomorphic to the subgroup of A(Dy4) X Z generated by oy,
o5(040203)* and oo. Moreover, this subgroup is finitely presented and has infinite index

m A(D4) X 7.

Proof. Introduce the curves a4, as and ag as in figure 7.8. It follows from the chain relation

that Th = T6_1(T5T3T4)4. Denote by G the subgroup of Mod(N,) generated by T, T3, T4,
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Figure 7.8: This picture depicts the surface N, which is a closed regular neighborhood
of a1 Uas U as.

T5 and Tg. By theorem 5.1.2, the subgroup of Mod(N,) generated by T1, T3, Ty, and T5 is
isomorphic to A(Dy). Since Tg is central in Mod(N,), it follows that G1 = A(D4) x Z. Now
it is easy to check that the following homomorphism restricted to G is in fact the desired

isomorphism
¢:G1 — A(Dyg) X Z
Ty — o1
T3 +— 09
T, +— o3
T5 +— o0y
Ts +— o5

That G is finitely presented and is isomorphic to an infinite index subgroup of A(D4) x Z

is revealed in the following Magma code.

F<a,b,c,d,e> := Group<a, b, c, d, e | axb*a = b*axb, a*c = cxa,
axd = d*a, axe = e*a, b*xc*b = cxbxc, bxd*b = d*b*d, b*e = exb,

ckd*c = dxc*xd, ckxe = e*xc, dxe = exd >;
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G<A,B,C> := sub<F | a, e"-1%(c*b*d) "4, c >;

Index(F, sub<F | a, e -1%x(c*b*xd) "4, c >:

CosetLimit:=2%10"6,Hard:=true,Mendelsohn:=true);

G;

0
Finitely presented group G on 3 generators

Generators as words in group F

A=a
B=e"™-1xc*xbxd*xcx*xb*xdx*xc*Dbxd=*xc*xDbx*xd
C=c
In the above code, a, b, ¢, d, and e represent o; for i = 1,2,3,4 and 5 respectively. O

Proposition 7.8.3. Let N, be the surface obtained from N (from proposition 7.8.2) by
capping off the boundary component parallel to ag with a disk. Consider ai, as, and as in

N, and let G be the subgroup of Mod(N,) generated by T;, i = 1,2,3. Consider the four

strand braid group By whose presentation is encoded in the Coxeter group
A3 = eo—eo @
01 02 03
Then G is isomorphic to the subgroup of By generated by o3, (0102)%, and o2. Moreover,
this subgroup is finitely presented and has infinite index in By. Further, consider the Artin

group A(B3), whose presentation is encoded in the Cozeter graph

4
B3= eoe—eo—o

7 V2 V3

Then G is isomorphic to the subgroup of A(Bs) generated by 2, 'yg, and 1. Moreover, this

subgroup has infinite index in A(Bs3).
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Proof. After capping off the boundary parallel to ag with a disk, a4 becomes isotopic to as.
It follows from theorem 5.1.2 that the subgroup G of M od(]\l) generated by T, T5 and Ty
is isomorphic to By. By the chain relation implies T = (73T4)®. As such, G is a subgroup
of Gy. Precisely, G < G is generated by Ty, (T374)%, and T3. The following Magma code

shows that G is finitely presented and [By : G] = oo.

F<a,b,c> :

Group<a,b,c | axb*a = bxa*b, axc = c*a, bxc*b = cxb*c >;

G<A,B,C> :

sub<F | c, (a*xb)"6, b >;
Index(F, sub<F | ¢, (axb)"6, b >: CosetLimit:=2%10"6,Hard:=true,
Mendelsohn:=true) ;

G;

0
Finitely presented group G on 3 generators

Generators as words in group F

A=c
B=(a*b)"6
C=bD

Let G be the group generated by T3, (T3T})3, and T3. Then G is a subgroup of Go. The

following Magma code reveals that Gy is isomorphic to A(B3) and that [Bs : A(B3)] = 8.

F<a,b,c> := Group<a,b,c | a*bxa = bxaxb, axc = c*a, b*cxb = cxb*xc >;

G<x,y,z> := sub<F | b, (a*b)~3, c >;
Index (F,G);
Rewrite(F,"G);

G;

8

Finitely presented group G on 3 generators
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Index in group F is 8 = 273

Generators as words in group F

x=Db

y = (a*xDb)"3

zZ =c
Relations

(x~-1, y) = Id(®)
Z % x x z7-1 % x°-1 % z°-1 *x x = Id(G)

y -1 % z*xy*zx*xy*z-1%y-1x%xz"-1=1Id(G)

In the above code, a, b, and c represent Ty, T3, and T} respectively. Set v; = T3, v2 = 17,
and 3 = (TyT3)3. As seen above, Go = A(Bs3) and its presentation is encoded in the

Coxeter graph

Bs3= eoe—e—o
M Y208
G is the subgroup of G5 generated by ~a, 'y§ and ;. The following Magma code shows that
[A(B3) : G] = .

F<a,b,c> := Group<a,b,c | axb*a = b*a*b, a*c = c*a,

bxcxb*c = cxbxc*xb >;

G<A,B,C> := sub<F | b, c"2, a >;

Index(F, sub<F | b, ¢”2, a >: CosetLimit:=2%10"6,Hard:=true,
Mendelsohn:=true) ;

G;

0
Finitely presented group G on 3 generators
Generators as words in group F

A=0bD

116



In the above code, a, b, and c represent 1, 2, and 3 respectively.
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